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1 Introduction 



Supergravity plays a prominent role in our ideas about the unification of 
fundamental forces beyond the Standard model, in our understanding of 
many central features of superstring theory, and in recent developments of 
the conceptual basis of quantum field theory and quantum gravity. The 
advances made have found their place in many reviews and textbooks (see, 
e. g., [1]), but the subject has grown so much and has so many different 
facets that no comprehensive treatment is available as of today. Also in 
these lectures, which will cover a mimber of basic aspects of supergravity, 
many topics will be left untouched. 

During its historical development the perspective of supergravity has 
changed. Originally it was envisaged as an elementary field theory which 
should bc frce of ultraviolet divergencies and thus bring about the long 
awaited unification of gravity with the other fundamental forces in nature. 
But nowadays supergravity is primarily viewed as an effective field theory 
describing the low-mass degrees of freedom of a more fundamental underly- 
ing theory. The only candidate for such a theory is superstring theory (for 
somc reviews and textbooks, see, e. g., [2]), or rather, yet another, somewhat 
hypothetical, theory, called M-theory. Although we know a lot about M- 
theory, its underlying principles have only partly been established. String 
theory and supergravity in their modern incarnations now rcprcscnt some of 
the many faces of M-theory. String theory is no longer a theory exclusively of 
strings but includes other extended objects that emerge in the supergravity 
context as solitonic objects. Looking backwards it becomes clear that there 
arc many reasons why ncithcr supcrstrings nor supergravity could account 
for all the relevant degrees of freedom and we have learned to appreciate 
that M-theory has many different realizations. 

Because supersymmetry is such a powerful symmetry it plays a central 
role in almost all thcsc developments. It controls the dynamics and, because 
of nonrenormalization theorems, precise predictions can be made in many 
instances, often relating strong- to weak-coupling regimes. To appreciate 
the implications of supersymmetry, chapter 2 starts with a detailed discus- 
sion of supersymmetry and its representations. Subsequently supergravity 
theorics arc introduccd in chapter 3, mostly conccntrating on the maximally 
supersymmetric cases. In chapter 4 gauged nonlinear sigma models with ho- 
mogeneous target spaces are introduced, paving the way for the construction 
of gauged supergravity. This construction is cxplained in chapter 5, where 
the emphasis is on gauged supergravity with 32 supercharges in 4 and 5 
spacetime dimcnsions. Thcsc theorics can describe anti-de Sitter ground 
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States which are fully supersymmetric. This is one of the motivations for 
considering anti-de Sitter supersymmctry and the representations of the 
anti-de Sitter group in chapter 6. Chaptcr 7 contains a short introduction 
to superconformal transformations and superconformaUy invariant theories. 
This chapter is self-contained, but it is of course related to the discussion 
on anti-de Sitter representations in chapter 6, as well as to the adS/CFT 
correspondence. 

This school offers a large number of lectures deahng with gravity, gauge 
theories and string theory from various perspectives. We intend to stay 
within the supergravity perspective and to try and indicate what the possible 
imphcations of supersymmetry and supergravity are for these subjccts. Our 
hope is that the material presented below will offer a helpful introduction 
to and will blend in naturally with the material presented in other lectures. 

2 Supersymmetry in various dimensions 

An enormous amount of Information about supersymmetric theories is con- 
tained in the structure of the underlying representations of the supersym- 
metry algebra (for some references, see [1, 3, 4, 5, 6]. Here we should make 
a distinction between a supermultiplet of fields which transform irrcducibly 
under the supersymmetry transformations, and a supermultiplet of states 
described by a supersymmetric theory. In this chapter^ we concentrate on 
supermultiplets of states, primarily restricting oursclvcs to flat Minkowski 
spacetimes of dimcnsion D. The rclcvant symmetries in this casc form an 
extension of the Poincare transformations, which consist of translations and 
Lorentz transformations. However, many of the concepts that we introduce 
will also play a role in the discussion of other superalgebras, such as the anti- 
de Sitter (or conformal) superalgebras. For a recent practical introduction 
to superalgebras, see [7]. 

2.1 The Poincare supersymmetry algebra 

The generators of the super- Poincare algebra comprise the supercharges, 
transforming as spinors under the Lorentz group, the energy and momen- 
tum operators, the generators of the Lorentz group, and possibly additional 
generators that commutc with the supercharges. For the moment we ignore 

^The material presented in this and the following chapter is an extension of the second 
chapter of [6]. 
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these additional charges, often called central charges.^ There are other rel- 

cvant supcralgcbras, such as the supersymmetric extensions of the anti-de 
Sittcr (or the conformal) algebras. These will be encountered in due course. 

The most important anti-commutation relation of the super-Poincare 
algebra is the one of two supercharges, 

{(5a,0/3} = -2iP^(r'^)a/3, (2-1) 

where we suppressed the central charges. Here are the gamma matrices 
that generate the Chfford algebra C (D — 1, 1) with Minkowskian metric 
?7^^ = diag(-, +,•••,+). 

The size of a supermultiplet depends exponentially on the number of 
independent supercharge components Q. The first step is therefore to de- 
termine Q for any given number of spacetime dimensions D. The result 
is summarized in table 1. As shown, there exist five different sequences of 
spinors, corresponding to spacetimes of particular dimensions. When this 
dimension is odd, it is possible in certain cases to have Majorana spinors. 
These cases constitute the first sequence. The second one corresponds to 
those odd dimensions where Majorana spinors do not exist. The spinors are 
then Dirac spinors. In even dimension one may distinguish three sequences. 
In the first one, where the number of dimensions is a multiple of 4, charge 
conjugation relates positive- with negative-chirality spinors. Ali spinors in 
this sequence can be restricted to Majorana spinors. For the remaining two 
sequences, charge conjugation preserves the chirality of the spinor. Now 
thcrc are again two possibilitics, dcpending on whcthcr Majorana spinors 
can exist or not. The cases wlicrc wc cannot have Majorana spinors, cor- 
responding to D = 6 mod 8, comprise the fourth sequence. For the last 
sequence with D = 2 mod 8, Majorana spinors exist and the charges can be 
restricted to so-called Majorana- Wcyl spinors. 

One can considcr extended supersymmetry, where the spinor charges 
transform reducibly undcr the Lorentz group and comprise irreducible 
spinors. For Weyl charges, one can consider combinations of positive- 
and A^_ negative-chirality spinors. In all these cases there exists a group 
Hr of rotations of the spinors which commute with the Lorentz group and 
leave the supersymmetry algebra invariant. This group, often referred to 
as the 'R-symmetry' group, is thus defined as the largest subgroup of the 

^The terminology adopted in the literature is not always very precise. Usually, all 
charges that commute with the supercharges, but not necessarily with all the generators 
of the Poincare algebra, are called 'central charges'. We adhere to this nomenclature. 

Obscrve that the issue of central charges is different when not in flat space, as can be seen, 
for example, in the context of the anti-de Sitter superalgebra (discussed in chapter 6). 
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D 




5, 7, mod 8 
4, 8, mod 8 

6, mod 8 



3, 9, 11, mod 8 



2(D-l)/2 
2(D+l)/2 



2, 10, mod 8 



2D/2 
2D/2 
2-D/2-1 



Table 1: The supercharges in flat Minkowski spacetimes of dimension D. In the 

sccond column, (5irr spccifics thc real dimension of an irredueible spinor in a D- 
dimensional Minkowski spacetime. The third column specifies the group Hr for 
A''-extended supersymmetry, defined in the text, acting on A/'-fold reducible spinor 
chargcs. The fourth column dcnotes the type of spinors: Majorana (M), Dirac (D), 
Weyl (W) and Majorana- Weyl (MW). 

automorphism group of the supersymmetry algebra that commutes with the 
Lorentz group. It is often realized as a manifest invariance group of a super- 
symmetric field theory, but this is by no mcans ncccssary. Thcrc arc othcr 
vcrsions of the R-symmetry group Hr which play a role, for instance, in 
thc context of the Euclidean rest-frame superalgebra for massive represen- 
tations or for the anti-de Sitter superalgebra. Those will be discussed later 
in this chapter. In table 1 we have listed the corresponding Hr groups for 
irredueible spinor charges. Here we have assumcd that Hr is compact so 
that it preserves a positive-definite metric. In the latter two sequences of 
spinor charges shown in table 1, we allow N± charges of opposite chirality, 
so that Hr decomposes into the product of two such groups, one for each 
chiral scctor. 

Another way to present some of the results above, is shown in table 2. 
Here we list the real dimension of an irredueible spinor charge and the cor- 
responding spacetime dimension. In addition we include the number of 
states of the shortest^ supermultiplet of massless states, written as a sum of 
bosonic and fermionic states. We return to a more general discussion of the 
R-symmetry groups and their consequences in section 2.5. 

2.2 Massless supermultiplets 

Because the momentum operators commute with the supercharges, we 
may consider the states at arbitrary but fixed momentum P^, which, for 

^By the shortest multiplet, we mean the multiplet with the hehcities of the states as 
low as possible. This is usually (one of) the smallest possible supermultiplet (s). 



6 





D 




sliori cst sup(;rimill iplct 


32 


D 


= 11 


128 + 128 


16 


D 


= 10,9,8,7 


8 + 8 


8 


D 


= 6,5 


4 + 4 


4 


D 


= 4 


2 + 2 


2 


D 


= 3 


1 + 1 



Table 2: Simplc supcrsymmctry in various dimcnsions. We prcscnt thc dimcnsion 
of the irreducible spinor charge with 2 < (Jirr < 32 and the corresponding spacetime 
dimensions D. The third column represents the number of bosonic + fermionic 
massless states for the shortest supermultiplet. 

massless representations, satisfies = 0. The matrix P^T^ on the right- 
hand side of (2.1) has therefore zero eigenvalues. In a positive-definite 
Hilbert space some (linear combinations) of the supercharges must there- 
fore vanish. To exhibit this more explicitly, let us rewrite (2.1) as (using 
Q = iQtrO), 

{Qa, Q!J = 2 (f rO)«a . (2.2) 

For hght-hke = {P^,P) the right-hand sidc is proportional to a projcc- 
tion operator (1 + r||r'^)/2. Here Fy is thc gamma matrix along thc spatial 
momentum P of the states. The supersymmetry anti-commutator can then 
be written as 

{Qa,Qj} = 2P°(l + fDfx)^^. (2.3) 

Here T d consists of the product of all D independent gamma matrices, and 
Fj^ of the product of all D — 2 gamma matrices in the transverse directions 
(i.e., perpendicular to P), with phase factors such that 

(f d)' = (f ±)' = 1 , [f^,fj=0. (2.4) 

This shows that the right-hand side of (2.3) is proportional to a projection 
operator, which projects out half of the spinor space. Consequently, half the 
spinors must vanish on physical states, whereas the other ones generate a 
Clifford algebra. 

Denoting the real dimension of the supercharges by Q, the representation 
space of the charges decomposes into the two chiral spinor representations of 
SO((5/2). When confronting these results with the last column in table 2, 
it turns out that the dimension of the shortest supermultiplet is not just 
equal to 2*5'"^"^/^, as one might naively expect. For D = 6, this is so because 
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the representation is complex. For D = 3,4 the representation is twice as 
big because it must also accommodate fermion numbcr (or, altcrnatively, 
because it must be CPT self-conjugate). The derivation for D = 4 is pre- 
sented in many places (see, for instance, [1, 4, 5]). For D = 3 we refer to 
[8]. 

The two chiral spinor subspaccs corrcspond to the bosonic and fermionic 
states, respectively. For the masslcss multiplets, the dimensions are shown 
in table 2. Bigger supermultiplets can be obtained by combining irreducible 
multiplets by requiring them to transform nontrivially under the Lorentz 
group. We shall demonstrate this below in three relevant cases, corre- 
sponding to D = 11, 10 and 6 spacetime dimensions. Depending on the 
number of spacetime dimensions, many supergravity theories exist. Pure 
supergravity theories with spacetime dimension 4 < D < 11 can exist with 
Q = 32, 24, 20, 16, 12, 8 and 4 supersymmetries.^ Some of these theories will 
be discussed latcr in more detail (in particular supergravity in D = 11 and 
10 spacetime dimensions). 

2.2.1 D = 11 Supermultipets 

In 11 dimensions we are dealing with 32 independent real super charges. In 
odd-dimensional spacetimes irreducible spinors are subjcct to the eigenvalue 
condition P/j = ±1. Therefore (2.3) simplifics and shows that the 16 nonva- 
nishing spinor charges transform according to a single spinor representation 
of the helicity group S0(9). 

On the other hand, when regarding the 16 spinor charges as gamma 
matrices, it foUows that the representation space constitutes the spinor rep- 
resentation of S0(16), which decomposes into two chiral subspaces, one cor- 
responding to the bosons and the other one to the fermions. To determine 
the helicity content of the bosonic and fermionic states, one considers the 
embedding of the S0(9) spinor representation in the S0(16) vcctor represen- 
tation. It then turns out that one of the 128 representations branches into 
helicity representations according to 128 -^44 + 84, while the second one 
transforms irreducibly according to the 128 representation of the helicity 
group. 

The above states comprise prcciscly the massless states corresponding 
to D = 11 supergravity [11]. The graviton states transform in the 44, 

■^In D = 4 there exist theories with Q = 12, 20 and 24; in _D = 5 there exists a theory 
with (5 = 24 [9]. In D = 6 there arc three theories with Q = 32 and one with Q = 24. So 
far these supergravities have played no role in string theory. For a more recent discussion, 
see [10]. 
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the antisymmetric tensor states in the 84 and the gravitini states in the 
128 representation of S0(9). Bigger supermultiplets consist of multiples 
of 256 states. For instance, without central charges, the smallest massive 
supermultiplet comprises 32768 + 32768 states. These multiplets will not be 
considered here. 

2.2.2 D = 10 Supermultiplets 

In 10 dimensions the supercharges are both Majorana and Weyl spinors. The 
latter means that they are eigenspinors of F/j. According to (2.3), when we 
have simple (i. e., nonextended) supersymmetry with 16 charges, the non- 
vanishing charges transform in a chiral spinor representation of the S0(8) 
hehcity group. With 8 nonvanishing supercharges we are deahng with an 
8-dimensional Chfford algcbra, whose irreducible representation space corre- 
sponds to the bosonic and fermionic states, each transforming according to a 
chiral spinor representation. Hence we are deahng with three 8-dimensional 
representations of S0(8), which are inequivalent. One is the representation 
to which we assign the supercharges, which we will denote by 8^; to the other 
two, denoted as the 8^ and 8c representations, we assign the bosonic and 
fermionic states, respectively. The fact that S0(8) representations appear 
in a three-fold variety is known as triality, which is a charactcristic property 
of the group S0(8). With the cxccption of certain representations, such as 
the adjoint and the singlet representation, the three types of representation 
are inequivalent. They are traditionally distinguished by labels s, v and c 
(see, for instance, [12]).^ 

The smallest massless supermultiplet has now been constructed with 8 
bosonic and 8 fermionic states and corresponds to the vector multiplet of 
supersymmetric Yang-Mills theory in 10 dimensions [13]. Before construct- 
ing the supermultiplets that are relevant for D = 10 supergravity, let us first 
discuss somc other propcrtics of S0(8) representations. One way to distin- 
guish the inequivalent representations, is to investigate how they decompose 
into representations of an S0(7) subgroup. Each of the 8-dimensional rep- 
resentations leaves a different S0(7) subgroup of S0(8) invariant. Thcrcfore 
there is an S0(7) subgroup under which the 8^ representation branches into 

8^ — ^7 + 1. 

®The representations can be characterized according to the four different conjugacy 
classes of tfio SO(8) woigfit vectors, dcnotod by O, v, s and c. In this context one uses the 
notation lo, 28o, and 35o, 35o, 35o for 35„, 35s, 35c, respectively. 
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supcrmulliplel 




ici 


luions 


vector multiplet 




8c 




graviton multiplet 


1 + 28 + 35,„ 


Ss 


+ 56, 


gravitino multiplet 


1 + 28 + 35c 




+ 56, 


gravitino multiplet 


8^ + 56^, 


8c 


+ 56c 



Table 3: Massless N = 1 supermultiplets in Z) = 10 spacetime dimensions con- 
taining 8 + 8 or 64 + 64 bosonic and fermionic degrees of freedom. 

Under this S0(7) the other two 8-dimensional representations branch into 

8s — > 8 , 8c — > 8 , 

where 8 is the spinor representation of S0(7). Corresponding branching 
rules for the 28-, 35- and 56-dimensional representations are 

28 — y 7 + 21, 
35^ — > 1 + 7 + 27, 56^ — > 21 + 35, (2.5) 

35c,s — ^ 35, 56c,, — y 8 + 48. 

In order to obtain the supersymmetry representations relevant for super- 
gravity we consider tensor products of the smallest supermultiplet consisting 
of 8t, + 8c, with one of the 8-dimensional representations. There are thus 
three different possibilities, each leading to a 128-dimensional supermulti- 
plet. Using the multiplication rules for S0(8) representations, 

8^, X 8„ = 1 + 28 + 35^ , 8^ X 8, = 8c + 56c , 

8, X 8s = 1 + 28 + 35, , 8, X 8c = 8„ + 56„ , (2.6) 

8c X 8c = 1 + 28 + 35c , 8c X 8^ = 8, + 56, , 

it is straightforward to obtain these new multiplets. Multiplying 8^ with 
+ 8c yields 8^ x 8^ bosonic and 8„ x 8c fermionic states, and leads to the 
second supermultiplet shown in table 3. This supermultiplet contains the 
representation 35„, which can be associated with the states of the graviton 
in D = 10 dimensions (the field-theoretic Identification of the various states 
has been clarified in many places; see e.g. the appendix in [6]). Therefore 
this supermultiplet will be called the graviton multiplet. Multiplication with 
8^ or 8s gocs in the samc fashion, cxccpt that wc will associate the 8^ and 
8s representations with fermionic quantities (note that these are the repre- 
sentations to which the fermion states of the Yang-Mills multiplet and the 
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supersymmetry charges are assigned) . Consequently, we interchange the bo- 
son and fermion assignments in these products. Multiplication with 8c then 
leads to 8c x 8c bosonic and 8c x 8^, fermionic states, whereas multiplication 
with 8s gives Sg x 8c bosonic and 8^ x 8^ fermionic states. These supermul- 
tiplets contain fermions transforming according to the 56^ and 56c repre- 
sentations, respectively, which can be associated with gravitino states, but 
no graviton states as those transform in the 35^,, rcpresentation. Therefore 
these two supermultiplets are called gravitino multiplets. We have thus es- 
tablished the existence of two inequivalent gravitino multiplets. The explicit 
S0(8) decompositions of the vector, graviton and gravitino supermultiplets 
are shown in tablc 3. 

By combining a graviton and a gravitino multiplet it is possible to con- 
struct an AT = 2 supermultiplet of 128 + 128 bosonic and fermionic states. 
However, since there are two inequivalent gravitino multiplets, thcre will 
also be two inequivalcnt N = 2 supermultiplets containing the states cor- 
responding to a graviton and two gravitini. According to the construction 
presented above, one N = 2 supermultiplet may be be viewed as the tensor 
product of two idcntical supermultiplets (namely 8^, + 8c). Such a multiplet 
follows if one starts from a supersymmetry algebra bascd on two Majorana- 
Weyl spinor charges Q with the same chirality. The states of this multiplet 
decompose as follows: 



Chiral N = 2 supermultiplet (HB) 
(8^ + 8c) X (8„ + 8c) 



bosons : 

1 + 1 + 28 + 28 + 35^, + 35c 

(2.7) 

fermions : 
8s + 8s + 56^ + 56^ 



This is the multiplet corresponding to IIB supergravity [14] . Because the su- 
pcrchargcs havc the same chirality, one can perform rotations between these 
spinor charges which leave the supersymmetry algebra unaffected. Hence 
the automorphism group is equal to S0(2). This feature refiects itself 
in the multiplet decomposition, where the 1, 8^, 28 and 56« representations 
are degenerate and constitute doublets under this S0(2) group. 

A second supermultiplet may be viewed as the tensor product of a (8^ + 
8^j) supermultiplet with a second supermultiplet (8^ + 8c). In this case the 
supercharges constitute two Majorana-Weyl spinors of opposite chirality. 
Now the supermultiplet decomposes as follows: 
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Nonchiral N = 2 supermultiplet (HA) 
(8^ + 8,) X (8^ + 8c) 



bosons : 

1 + 8^ + 28 + 35^ + 56^ 

(2.8) 

fermions : 
t 8, + 8c + 56, + 56c 



This is the multiplet corresponding to IIA supergravity [15]. It can be ob- 
tained by a straightforward reduction of D = 11 supergravity. The latter 
foUows from the fact that two D = 10 Majorana-Weyl spinors with oppo- 
site chirahty can be combined into a single D = U Majorana spinor. The 
formula below summarizes the massless states of IIA supergravity from an 
11-dimensional perspective. The massless states of 11-dimensional super- 
gravity transform according to the 44, 84 and 128 representation of the 
helicity group S0(9). They corrcspond to the degrees of freedom described 
by the metric, a 3-rank antisymmetric gauge field and the gravitino field, re- 
spectively. We also show how the 10-dimensional states can subsequently be 
branched into 9-dimensional states, characterized in terms of representations 
of the helicity group S0(7): 



44 



84 



128 



1 

1 + 7 

1 + 7 + 27 

7 + 21 
21 + 35 

8 
8 

8 + 48 
8 + 48 



(2.9) 



Clearly, in L' = 9 wc have a degeneracy of states, associated with the group 
Hr = S0(2). Wc notc the presencc of graviton and gravitino states, trans- 
forming in the 27 and 48 representations of the S0(7) helicity group. 

One could also take the states of the JIB supergravity and decompose 
them into D = 9 massless states. This leads to precisely the same super- 
multiplet as the reduction of the states of IIA supergravity. Indeed, the 
reductions of IIA and IIB supergravity to 9 dimensions, yield the same the- 
ory [16, 17, 18]. However, the massive states are still characterized in terms 
of the group S0(8), which in D = 9 dimensions comprises the rest-frame 
rotations. Therefore the Kaluza-Klein states that one obtains when com- 
pactifying the ten-dimensional theory on a circle remain ineguivalent for the 
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SU+(2) 


iV+ = l 




AV = 3 


AV = 4 


5 








1 


4 






1 


8 


3 




1 


6 


27 


2 


1 


4 


14 


48 


1 


2 


5 


14 


42 




(2 + 2)c 


(8 + 8)r 


(32 + 32)c 


(128 + 128)r 



Table 4: Shortest massless supermultiplets of -D = 6 A^+-cxtcndcd chiral super- 
symmetry. The states transform both in the SU+(2) helicity group and under 
a USp(27V+) group. For odd values of the representations are complex, for 
even A''+ they can be chosen real. Of course, an identical table can be given for 
negative-chirality spinors. 

IIA and IIB theories (see [19] for a discussion of this phenomenon and its 

conscqucnccs) . It turns cut that the Q = 32 supergravity multiplcts are 
uniquc in all spacctime dimcnsions D > 2, except for D = 10. Maximal su- 
pergravity will be introduced in chapter 3. The field content of the maximal 
Q = 32 supergravity theories for dimensions 3 < D < 11 will be presented 
in two tables (c/, table 10 and 11). 

2.2.3 D = 6 Supermultiplets 

In 6 dimensions we have chiral spinors, which are not Majorana. Because 
the charge conjugated spinor has the same chirality, the chiral rotations of 
the spinors can be extended to the group USp(2Ar_|_), for chiral spinors. 
Likewise N- negative-chirality spinors transform under USp(2A'"_). This 
featurc is alrcady incorporatcd in table 1. In principlc wc havc Nj^ positive- 
and N- negative-chirality charges, but almost all Information follows from 
first considering the purely chiral case. In table 4 we present the decom- 
position of the various helicity representations of the smallest supermulti- 
plets based on A^+ = 1,2,3 or 4 supercharges. In D = 6 dimensions the 
helicity group S0(4) decomposes into the product of two SU(2) groups: 
S0(4)^ (SU+(2) X SU_(2))/Z2. When we have supercharges of only one 
chirality, the smallest supermultiplet will only transform under one SU (2) 
factor of the helicity group, as is shown in table 4.^ 

®The content of this table also specifies the shortest massive supermultiplets in four 
dimensions as well as with the shortest massless multiplets in five dimensions. The SU(2) 
group is then associated with spin or with helicity, respectively. 
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Let us now turn to specific supermultiplets. Let us recall that the he- 
licity assignments of the states describing gravitons, gravitini, vcctor and 
(anti)selfdual tensor gauge fields, and spinor fields are (3, 3), (2, 3) or (3, 2), 
(2,2), (3,1) or (1,3), and (2,1) or (1,2). Here (m, n) denotes that the di- 
mensionahty of the reducible representations of the two SU (2) factors of 
the hehcity group are of dimension m and n. For the derivation of these 
assignments, see for instance one of the appendices in [6]. 

In the following we will first restrict ourselves to hehcities that corre- 
spond to at most the three-dimensional representation of either one of the 
SU(2) factors. Hence we have only (3,3), (3,2), (2,3), (3,1) or (1,3) rep- 
resentations, as well as the lower-dimensional ones. When a supermultiplet 
contains (3, 2) or (2, 3) representations, we insist that it will also contain 
a singlc (3, 3) representation, because gravitini without a graviton are not 
expected to give rise to a consistcnt interacting field theory. The multiplets 
of this type are shown in table 5. There are no such multiplets for more 
than (5 = 32 supercharges. 

There are supermultiplets with higher SU(2) helicity representations, 
which contain neither gravitons nor gravitini. Some of these multiplets are 
shown in table 6 and we will discuss thcm in due course. 

We now elucidate the construction of the supermultiplets listed in table 5. 
The simplest case is (A^+, A^_) = (1, 0), where the smallest supermultiplet is 
the (1,0) hypermultiplet, consisting of a complex doublet of spinless states 
and a chiral spinor. Taking the tensor product of the smallest supermulti- 
plet with the (2, 1) helicity representation gives the (1,0) tensor multiplet, 
with a selfdual tensor, a spinless state and a doublet of chiral spinors. The 
tensor product with the (1,2) helicity representation yiclds the (1,0) vector 
multiplet, with a vector state, a doublet of chiral spinors and a scalar. Multi- 
plying the hypermultiplet with the (2,3) helicity representation, one obtains 
the states of (1,0) supergravity. Observe that the selfdual tensor fields in the 
tensor and supergravity supermultiplet are of opposite sclfduality phasc. 

Next considcr (N^.N^) = (2,0) supcrsymmetry. The smallest multiplet, 
shown in table 4, then corresponds to the (2,0) tensor multiplet, with the 
bosonic states decomposing into a selfdual tensor and a five-plet of spinless 
states, and a four-plet of chiral fermions. Multiplication with the (1,3) 
helicity representation yields the (2,0) supergravity multiplet, consisting of 
the graviton, four chiral gravitini and five selfdual tensors [20]. Again, the 
selfdual tensors of the tensor and of the supergravity supermultiplet are of 
opposite selfduality phase. 

Of course, there exists also a nonchiral version with 16 supercharges, 
namely the one corresponding to {N^,N-) = (1, 1). The smallest multiplet 
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multiplet 




bosons 


fermions 


(1,0) 


hyper 


4 + 4 


(l,l;2,l)+h.c. 


(2,1; 1,1) 


(1,0) 


tensor 


4 + 4 


(3,1; 1,1) + (1,1; 1,1) 


(2,1; 2,1) 


(1,0) 


vector 


4 + 4 


(2, 2; 1,1) 


(1,2; 2,1) 


(1,0) 


graviton 


12 + 12 


(3, 3; 1,1) + (1,3; 1,1) 


(2, 3; 2,1) 


(2 0) 


tensor 


8 + 8 


(3,1; 1,1) + (1,1; 5,1) 


(2,1; 4,1) 


(2,0) 


graviton 


OA _1_ O/f 


(3,3, l,lj + (1,3,5, ij 


/n o. A 1 ^ 
(2,3,4, ij 


(1,1) 


vector 


8 + 8 


(2, 2; 1,1) + (1,1; 2, 2) 


(2,1; 1,2) 
+(1,2; 2,1) 


(1,1) 


graviton 


32 + 32 


(3, 3; 1,1) 

+(1,3; 1,1) + (3,1; 1,1) 
+(1,1; 1,1) + (2, 2; 2, 2) 


(3, 2; 1,2) 
+(2, 3; 2,1) 
+(1,2; 1,2) 
+(2,1; 2,1) 


(2,1) 


graviton 


64 + 64 


(3, 3; 1,1) 

+(1,3; 5,1) + (3,1; 1,1) 
+(2, 2; 4, 2) + (1,1; 5,1) 


(3, 2; 1,2) 
+(2, 3; 4,1) 
+(1,2; 5, 2) 
+(2,1;4,1) 


(2,2) 


graviton 


128 + 128 


(3, 3; 1,1) 

+(3,1; 1,5) + (1,3; 5,1) 
+(2, 2; 4, 4) + (1,1; 5, 5) 


(3, 2; 4,1) 
+ (2, 3; 1,4) 
+(2,1; 4, 5) 
+(1,2; 5, 4) 



Table 5: Some relevant D = 6 supcrmultiplcts with {N+,N-) supcrsymmetry. 
The States (m, n; m, n) are assigned to (m, n) representations of thc hcUcity group 
SU+(2)xSU_(2) and (m,n) representations ofUSp(2iV+) xUSp(2jY_). The second 
column lists the number of bosonic + fermionic states for each multiplet. 
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STipcrsymuK-try jj^ 



bosoiis 



Icriiiioiis 



(1,0) 
(2,0) 



8 + 8 
24 + 24 



(5;1) + (3;1) 

(5;i) + (i,i) 

+(3;l) + (3;5) 
(5;1) + (1;14) 
+(3;1) + (3;14) 

(5;l) + (3;27) 

+(i;42) 



(4; 2) 

(4; 4) + (2; 4) 



(3,0) 



64 + 64 



(4; 6) 

+ (2; 6) + (2; 14) 
(4; 8) + (2; 48) 



(4,0) 



128 + 128 



Table 6: D = 6 supermultiplcts without gravitons and gravitini with (A^, 0) super- 
symmetry, a single (5; 1) highest-helicity state and at most 32 supercharges. The 
theories based on these multiplets have only rigid supersymmetry. The multiplets 
are idcntical to thosc that undcrly thc fivc-dimcnsional A'^-cxtcndcd supcrgravitics. 
They are all chiral, so that the hehcity group in six dimensions is restricted to 
SU(2) X 1 and the states are characterized as representations of USp(2A''). The 
states (n; n) are assigncd to the n-dimensional representation of SU(2) and the n- 
dimensional representation of USp(2iV). The second column hsts the number of 
bosonic + fermionic states for each multiplet. 

is now given by the tensor product of the supermultiplets with (1,0) and (0,1) 
supersymmetry. This yields the vector multiplet, with the vector state and 
four scalars, the latter transforming with respect to the (2,2) representation 
of USp(2) X USp(2). There are two doublets of chiral fermions with opposite 
chirality, each transforming as a doublet undcr thc corrcsponding USp(2) 
group. Taking the tensor product of the vector multiplet with the (2,2) 
representation of the helicity group yields the states of the (1,1) supergravity 
multiplet. It consists of 32 bosonic states, corresponding to a graviton, a 
tensor, a scalar and four vector states, wherc thc latter transform under the 
(2,2) representation of USp(2) x USp(2). The 32 fermionic states comprise 
two doublets of chiral gravitini and two chiral spinor doublets, transforming 
as doublets under the appropriate USp(2) group. 

Subsequently we discuss thc casc (A^+, N-) = (2, 1). Here a supergravity 
multiplet exists [21] and can bc obtaincd from the product of the states of 
the (2, 0) tensor multiplet with the (0, 1) tensor multiplet. There is in fact 
a smaller supermultiplet, which we discard because it contains gravitini but 
no graviton states. 

Finally, wc turn to the case of (A^+, N^ ) = (2, 2). The smallest supermul- 
tiplet is givcn by the tensor product of the smallest (2,0) and (0,2) supermul- 
tiplets. This yields the 128 + 128 states of the (2,2) supergravity multiplet. 
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These states transform according to representations of USp(4) x USp(4). 

In principle, onc can continue and classify representations for other val- 
ues of (A^+, N^). As is obvious from the construction that we have presented, 
this will inevitably lead to states transforming in higher-helicity representa- 
tions. Some of these multiplets will sufFer from the fact that they have more 
than one graviton state, so that we expect them to be inconsistent at the 
nonlinear level. However, there are the chiral theories which contain neither 
graviton nor gravitino states. Restricting ourselves to 32 supercharges and 
requiring the highest helicity to be a five-dimensional representation of one 
of the SU(2) factors, there are just four theories, summarized in table 6. For 
a recent discussion of one of these theories, see [10]. 

2.3 Massive supermultiplets 

Generically massive supermultiplets are bigger than massless ones because 
the number of supercharges that generate the multiplet is not reduced, un- 
likc for massless supermultiplets where one-half of the supercharges van- 
ishcs. However, in the presence of mass parameters the superalgebra may 
also contain central charges, which could give rise to a shortening of the 
representation in a way similar to what happens for the massless supermul- 
tiplets. This only happens for special values of these charges. The shortened 
supermultiplets are known as BPS multiplets. Central charges and multiplet 
shortening are discussed in subsection 2.4. In this section we assume that 
the central charges are absent. 

The analysis of massive supermultiplets takes place in the rcstframe. 
The states then organizc themselves into representations of the rcst-frame 
rotation group, SO(D— 1), associated with spin. The supercharges transform 
as spinors under this group, so that one obtains a Euclidean supersymmetry 
algebra, 

{Qa,Ql} = 2Md^f). (2.10) 

Just as bcforc, the spinor charges transform under the automorphism group 
of the supersymmetry algebra that commutes with the spin rotation group. 
This group will also be denoted by Hr; it is the nonrelativistic variant of the 
R-symmetry group that was introduced previously. Obviously the nonrela- 
tivistic group can be bigger than its relativistic counterpart, as it is required 
to commute with a smaller group. For instance, in Z) = 4 spacetime dimen- 
sions, the relativistic R-symmetry group is equal to U(A^), while the non- 
relativistic one is the group USp(2A'"), which contains U{N) as a subgroup 
according to 2N = N + N. Table 7 shows the smallest massive representa- 
tions for N < 4: 'm D = 4 dimensions as an illustration. Clearly the states 
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A' = 1 


K = 2 


1 




1 = 1 


1/2 


1 = 1 


4 = 2 + 2 





2 = 1 + 1 


5=3+1+1 




N = 3 


= 4 


2 




1 = 1 


3/2 


1 = 1 


8 = 4 + 4 


1 


6 = 3 + 3 


27 = 15 + 6 + 6 


1/2 


14 = 8 + 3 + 3 


48 = 20 + 20 + 4 + 4 





14 = 6 + 6 + 1 + 1 


42 = 20' + 10 + TU + 1 + I 



Table 7: Minimal D = 4 massivc supcrmultiplcts without ccntral charges for 
A'' < 4. The States are listed as USp(2A^) representations which are subsequently 
decomposed into representations of U(A''). 

of given spin can be assigned to representations of the nonrelativistic group 

Hr = USp(2A^) and decomposed in terms of irreduciblc representations of 
the relativistic R-symmetry group U(A'^). More explicit derivations can be 
found in [4]. 

Knowledge of the relevant groups Hr is important and convenient in 

writing down the supermultiplets. It can also reveal certain rclations be- 
tween supermultiplets, even between supermultiplets living in spacetimes of 
different dimension. Obviously, supermultiplets living in higher dimensions 
can always be decomposed into supermultiplets living in lower dimensions, 
and massive supermultiplets can be decomposed in terms of massless ones, 
but sometimes there exists a relationship that is less trivial. For instance, 
the D = 4: massive multiplets shown in table 7 coincide with the massless 
supermultiplets of chirally extended supersymmetry in D = 6 dimensions 
shown in table 4. In particular the A^ = 4 supermultiplet of table 7 appears 
in many placcs and coincidcs with the massless A^ = 8 supermultiplet in 
D = 5 dimensions, which is shown in tables 10 and 11. The reasons for this 
are clear. The D = 5 and the chiral D = 6 massless supermultiplets are 
subject to the same helicity group SU(2), which in turn coincides with the 
spin rotation group for D = 4. Not surprisingly, also the relevant automor- 
phism groups Hr coincide, as the reader can easily verify. Since the number 
of effective supercharges is equal in these cases and given by Qefr = 16 (re- 
member that only half of the charges play a role in building up massless 
supermultiplets), the multiplets must indeed be identical. 

Here we also want to briefly draw the attention to the relation between 
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ofF-shell multiplets and massive representations. So far we discussed super- 
multiplcts consisting of states on which the supercharges act. These states 
can be described by a field theory in which the supercharges generate cor- 
responding supersymmetry variations on the fields. Very often the transfor- 
mations on the fields do not close according to the supersymmetry algebra 
unless one imposes the equations of motion for the fields. Such represen- 
tations are called on-shell representations. The lack of closure has many 
consequences, for instance, when determining quantum corrections. In cer- 
tain cases one can improve the situation by introducing extra fields which do 
not directly correspond to physical fields. These fields are known as auziliary 
fields. By employing such fields one may bc ablc to define an off-shell repre- 
sentation, where the transformations close upon (anti)commutation without 
the need for imposing field equations. Unfortunately, many theories do not 
possess (finite-dimensional) off-shell representations. Notorious examples 
are gauge theories and supergravity theories with 16 or more supercharges. 
This fact makes is much more difficult to construct an extended variety of 
actions for these theories, because the transformation rules are implicitly de- 
pcndcnt on the action. Thcrc is an off-shell counting argument. according 
to which the field dcgrces of freedom should comprise a massive supermul- 
tiplet (while the states that are described could be massless). For instance, 
the off-shell description of the N = 2 vector multiplet in D = 4 dimensions 
can be formulated in tcrms of a gaugc field (with thrcc dcgrces of freedom), 
a fcrmion doublct (with cight dcgrces of freedom) and a triplct of auxiliary 
scalar fields (with three degrees of freedom), precisely in accord with the 
N = 2 entry in table 7. In fact, this multiplet coincides with the multiplet 
of the currcnts that couple to an = 2 supersymmetric gauge theory. 

The = 4 multiplet in tablo 7 corrcsponds to the gravitational super- 
multiplet of currents [22]. These are the currcnts that couple to the fields of 
N = A conformal supergravity. Extending the number of supercharges be- 
yond 16 will increase the minimal spin of a massive multiplet beyond spin-2. 
Sincc highcr-spin fields can usually not be coupled, one may concludc that 
conformal supergravity does not exist for more than 16 charges. For that 
reason there can be no off-shell formulations for supergravity with more than 
16 charges. Conformal supergravity will be discussed in chapter 7. 

In scction 2.5 we will present a table listing the various groups Hr for 
spinors associated with ccrtain Clifford algebras C{p,q) with correspond- 
ing rotation groups SO{p,q). Subsequently we then discuss some further 
implications of these results. 
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D 


Hr 


p = 


p = 1 


p = 2 


p = 3 p = 4: 


p = 5 


11 


1 






1 




1 










[55] 




[462] 


lOA 


1 


1 


1 


1 


1 


1 + 1 






[1] 


[10] 


[45] 


[210] 


[126] 


lOB 


S0(2) 




2 




1 


1 + 2 








[10] 




[120] 


[126] 


9 


S0(2) 


1 + 2 


2 


1 


1 1 + 2 








[1] 


[9] 


[36] 


[84] [126] 




8 


U(2) 


3 + 3 


3 


1 + 1 


1 + 3 3 + 3 










rol 
[8] 


[28] 


[56] [35] 




7 


USp(4) 


10 


5 


1 + 5 


10 








[1] 


[7] 


[21] 


[35] 




6 


USp(4) 


(4,4) 


(1,1) 


(4,4) 


(10,1) 






xUSp(4) 




+(5,1) 




+(1,10) 










+ (1,5) 












[1] 


[6] 


[15] 


[10] 




5 


USp(8) 


1 + 27 


27 


36 










[1] 


[5] 


[10] 






4 


U(8) 


28 + 28 


63 


36 + 36 










[1] 


[4] 


[3] 






3 


S0(16) 


120 


135 












[1] 


[3] 









Table 8: Decomposition of the central extension in the supersymmetry algebra 
with Q = 32 supercharge components in terms of p-rank Lorentz tensors. The 
second row spccifics the numbcr of indcpcndcnt components for cach p-rank tcnsor 
charge. The total number of central charges is equal to 528 — D, because we have 
not listed the D independent momentum operators 
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2.4 Central chcirges and multiplet shortening 

The supersymmetry algebra of the maximal supergravities comprises gen- 
eral coordinate transformations, local supersymmetry transfer mations and 
thc gauge transformations associated with the antisymmetric gauge fields.''' 
Thcsc gauge transformations usuaUy appear in the anticommutator of two 
supercharges, and may b e regarded as central charges. In perturbation the- 
ory, the theory does not contain charged fields, so these central charges 
simply vanish on physical statcs. However, at thc nonpcrturbativc level, 
there may be solitonic or other states that carry charges. An example are 
magnetic monopoles, dyons, or black holes. At the M-theory level, these 
charges are associated with certain brane configurations. On such states, 
somc of the central charges may take finite values. Without further knowl- 
edge about the kind of states that may emerge at the nonperturbative level, 
we can generally classify the possible central charges, by considering a de- 
composition of the anticommutator. This anticommutator carries at least 
two spinor indices and two indices associated with the group Hr. Hence we 
may write 

{Qa, Qf}} OC Y. {^^'-^'CU Z^,...^^ , (2.11) 

p 

where r'^i' '^^ is thc antisymmctrized product oip gamma matrices, C is the 
charge-conjugation matrix and Z^-^...^^ is the central charge, which trans- 
forms as an antisymmetric p-rank Lorentz tensor and depends on possible 
additional Hr indices attached to the supercharges. The central charge must 
be symmetric or antisymmetric in these indices, depending on whethcr thc 
{r^^'^"'^^C)a3 is antisymmetric or symmetric in q, /3, so that the product with 
Zfj,i-fj,p is always symmetric in the combined indices of the supercharges. For 
given spacetime dimension all possible central charges can be classified.^ For 
the maximal supergravities in spacetime dimensions 3 < D < 11 this clas- 
sification is givcn in tablc 8, whcrc wc list all possible charges and their 
Hr representation assignments. Because we have 32 supercharge compo- 
nents, the sum of the independent momentum operators and the central 
charges must be equal to (32 x 33)/2 = 528. The results of the table are 
in direct correspondence with the eleven-dimensional superalgebra with the 

'^There may be additional gauge transformations that are of intcrcst to us. As we 
discuss in due course, it is possible to have (part of) the automorphism group Hr reahzed 
as a local iuvariancc. Howcvcr, thc corresponding gauge fields are composite and do not 
give rise to physical states (at least, not in perturbation theory). 

*For related discussions see, for example, [23, 25, 24] and references therein. 
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most general central charges, 

{Qa, Q/3} = -"^iPM^aji + ^MN^^fj^ + ZMNPgR^aji'^^^ ■ (2-12) 

The two central charges, Zmn and Zmnpqr can be associated with the 
winding numbers of two- and five-branes. 

In order to realize the supersymmetry algebra in a positive-definite Hilbert 
space, the right-hand side of the anticommutator is subject to a positivity 
condition, which gcncrically implies that the mass of the multiplet is larger 
than or equal to the central charges. Especially in higher dimensions, the 
bound may can take a complicated form. This positivity bound is known as 
the Bogomol'nyi bound. When the bound is saturated one speaks of BPS 
States. For BPS multiplets some of the supercharges must vanish on the 
states, in the same way as half of the charges vanish for the massless super- 
multiplets. This vanishing of some of the supercharges leads to a shortening 
of the multiplet. Qualitatively, this phenomenon of multiplet shortening is 
the same as for massless supermultiplets, but hcre the fraction of the charges 
that vanishes is not necessarily equal to 1/2. Hence one speaks of 1/2-BPS, 
1/4-BPS supermultiplets, etcetera, to indicate which fraction of the super- 
charges vanishes on the states. The fact that the BPS supermultiplets have 
a completely different field content than the generic massive supermultiplets 
makes that they exhibit a remarkable stability under 'adiabatic' deforma- 
tions. This means that perturbative results based on BPS supermultiplets 
can often be extrapolated to a nonperturbative regime. 

For higher extended supersymmetry the difference in size of BPS super- 
multiplets and massive supermultiplets can be enormous in vicw of the fact 
that the number of states depend exponentionally on the number of non- 
vanishing central charges. For lower supersymmetry the multiplets can be 
comparable in size, but nevertheless they are quite different. For instance, 
consider N = 2 massive vector supermultiplets in four spacetimc dimensions. 
Without central charges, such a multiplet comprises 8-1-8 states, correspond- 
ing to the three states of spin-1, the eight states of four irreducible spin-^ 
representations, and five states with spin 0. On the othcr hand thcrc is an- 
other massive vector supermultiplet, which is BPS and comprises the three 
states of spin-1, the four states of two spin-^ representations and two states 
of spin-0. These states are subject to a nonvanishing central charge which 
rcquircs that the states are all doubly degenerate, so that we have again 
8 -|- 8 states, but with a completely different spin content. When decompos- 
ing these multiplets into massless N = 2 supermultiplets, the first multiplet 
decomposes into a massless vector multiplet and a hypermultiplet. Hence 
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this is the multiplet one has in the Higgs phase, where the hypermultiplet 
provides the scalar degree of freedom that allows the conversion of the mass- 
less to massive spin-1 states. This multiplet carries no central charge. The 
second supermultiplet, which is BPS, appears as a massive charged vector 
multiplet when breaking a nonabelian supersymmetric gauge theory to an 
abelian subgroup. This realization is known as the Coulomb phase. 

In view of the very large variety of BPS supermultiplets, we do not 
continue this general discussion of supermultiplets with central charges. In 
later chapters we will discuss specific BPS supermultiplets as well as other 
mechanisms of multiplet shortening in anti-de Sitter space. 

2.5 On spinors and the R-symmetry group Hr 

In this section we return once more to the spinor representations and the cor- 
responding automorphism group Hr, also known as the R-symmetry group. 
Table 9 summarizes Information for spinors up to (real) dimension 32 asso- 
ciated with the groups SO{p, q), where we restrict q <2. From this table we 
can gain certain insights into the properties of spinors living in Euclidean, 
Minkowski and (anti-)de Sitter spaces as well as the supersymmetry algebras 
based on these spinors. Let us first elucidate the Information presented in 
the table. Subsequently we shall discuss some correspondences between the 
various spinors in diffcrent dimcnsions. 

We consider the Clifford algebras C{p, q) based on p + q generators, de- 
noted by ei, 62, . . . , Cp+g, with a nondegenerate metric of signature (p, g). 
This mcans that p generators square to the idcntity and q to minus the 
idcntity. Wc list the real dimension of the irrcducible Clifford algcbra rep- 
resentation, denoted by dc, and the values r (equal to O, . . . , 3), where r is 
defined hy r = p — q mod 4. The value for r determines the square of the 
matrix built from forming the product ei • 62 • • • ep+g of all the Clifford alge- 
bra generators. For r = 0, 1 this square equals the identity, while for r = 2, 3 
the square equals minus the identity. Therefore, for r = O, the subalgebra 
C+ [p, q) generated by products of even numbers of generators is not simple 
and breaks into two simple ideals, while for r = 1, the full Clifford algebra 
C{p,q) decomposes into two simple ideals. 

We also present the centralizer of the irreducible representations of the 
Clifford algebra, which, according to Schur's lemma, must form a division al- 
gebra and is thus isomorphic to the real numbers (R), the complex numbers 
(C), or the quaternions (H). This means that the irreducible representa- 
tion commutes with the identity and nonc, one or threc complex structures, 
respectively, which generate the corresponding division algebra. Table 9 re- 
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:io,o) 


2 


R 


32 


\J{N) 


32 


c 


:io,i) 


1 


R 


32 


SO{N) 


64 


c 


:8,2) 


2 


H 


32 + 32 


U(iV) 


64 


c 


:9,2) 


3 


C 


32 + 32 


SO(iV) 


64 


c 


:io,2) 





R 


32 + 32 


SO(iV) 



Table 9: Rcprcscntations of thc ClifFord algcbras C{p,q) with q < 2 and thcir 
centralizers, and the 80(^,5) spinors of niaxinial real dimension 32 and their R- 
symmetry group. We also list the dimensions of the Clifford algebra and spinor 
representation, as well as r = p — q mod 4. 
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fiects also the so-called periodicity theorem [26], according to which there 

exists an isomorphism between the Clifford algebras C{p+8, q) (or C{p, q+8)) 
and C{p, q) timcs the 16 x 16 real matrices. Therefore, the dimension of the 
representations of C(p + 8, gr) (or C{p,q + 8)) and C {p, q) differs by a factor 
16. 

Finally the table hsts the branching of the Chfford algebra representation 
into S O (p, q) spinor representations. When r = O the Clifford algebra repre- 
sentation decomposes into two chiral spinors. Observe that for r = 2 we can 
also have chiral spinors, but they are complex so that their real dimension 
remains unaltered. For r = 2, 3 there are no chiral spinors, but nevertheless 
in certain cases the Clifford algebra representation can still decompose into 
two irreducible spinor representations. The last column gives the compact 
group Hr, consisting of the linear transformations that commute with the 
group SO(p, g) and act on N irreducible spinors, leaving a positive-definite 
metric invariant. For r = O, a group Hr should be assigned to each of the 
chiral scctors separately. Again, according to Schur's lemma the centralizer 
of SO{p,q) must form a division algebra for irreducible spinor representa- 
tions. Corrcspondingly, the group SO{p,q) commutcs with the identity and 
none, one or thrce complex structures, which leads to Hr = SO(A^), U(A^), 
or USp(2A/'), respectively. We note that the results of table 9 are in accord 
with the results presented earlier in tables 1 and 2. 

Wc now discuss and clarify a number of correspondences between spinors 
living in diffcrcnt dimensions. The first correspondcncc is between spinors 
of SO(p, 1) and SO(p — 1,0). According to the table, for any p > 1, the 
dimensions of the corresponding spinors differ by a factor two, while their 
respective groups Hr always coincide. From a physical perspective, this 
correspondence can be understood from the fact that SO(p — 1,0) is the 
helicity group of massless spinor states in flat Minkowski space of dimension 
D = p + 1. In a field-theoretic context the reduction of the spinor degrees of 
freedom is effected by the massless Dirac equation and the automorphism 
groups Hr that commute with the Lorentz transformations and the trans- 
verse helicity rotations, respectively, simply coincide. The two algebras (2.1) 
and (2.3) thus share the same automorphism group. From a mathematical 
viewpoint, this correspondence is related to the isomorphism 

C(p,g)=C(p-l,g-l)®C(l,l), (2.13) 

where we note that C(l, 1) is isomorphic with the real 2x2 matrices. 

Inspired by the first correspondence one may investigate a second one 
between spinors of SO(p, 1) and SO(p, 0) with p > 1. Physically this cor- 
respondence is relevant when considering relativistic massive spinors in flat 
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Minkowski spacetime of dimension D = p + 1, which transform in the rest- 
frame under p-dimensional spin rotations. As thc table shows, this corre- 
spondence is less systematic and, indccd, an underlying isomorphism for the 
corresponding Clifford algebras is lacking. The results of the table should 
therefore be apphed with care. In a number of cases the relativistic spinor 
transforms irreducibly under the nonrelativistic rotation group. In that case 
the dimension of thc automorphism group Hr can increase, as it does for 
p = 3 and 10, but not for p = 5 and 9. For p = 3 (or, equivalently, D = A) 
the implications of the fact that the nonrelativistic automorphism group 
USp(2A^) is bigger than the relativistic one, have already been discussed in 
section 2.3. In the remaining cases, p = 4,6,7,8 (always modulo 8), the 
relativistic spinor decomposes into two nonrelativistic spinors. Because the 
number of irreducible spinors is then doubled, the nonrelativistic automor- 
phism group has a tendency to increase, but one should consult the table 
for specific cases. 

The third correspondence relates spinors of SO(p, 2) and SO(p, 1) with 
p > 1. Again the situation depends sensitively on the value for p. In a num- 
ber of cases (i. e., p = 2,3,4,6) the spinor dimension is thc samc for both 
groups. This can bc undcrstood from the fact that thc Clifford algcbra rep- 
resentations are irreducible with respect to SO{p, 1), so that one can always 
extend the generators of SO{p, 1), which are proportional to rt^F^l, to those 
of SO{p, 2) by including the gamma matrices T"". However, the R-symmetry 
group is not necessarily the same. For p = 4 thc S0(4, 2) spinors allow the R- 
symmetry group U(A^), while for S0(4, 1) the R-symmetry group is larger 
and equal to USp(2A^). Therefore theories formulated in fiat Minkowski 
spacetime of dimension D = 3,4,5,6 can in principle be elevated to anti- 
de Sitter space. For D = 5 thc R-symmctry reduces to U(A'^), while for 
D = 3,4,6 the R-symmetry remains the same. In the remaining dimen- 
sions, D = 2,7, 8, 9, 10, a single Minkowski spinor can not be elevated to 
anti-de Sitter space, and one must at least start from an even number of 
flat Minkowski spinors (so that N is cvcn). For these cases, it is hard to 
make general statements about the fate of the R-symmetry when moving to 
anti-de Sitter space and one has to consult table 9. 

The fourth correspondence is again more systematic, as it is based on the 
isomorphism (2.13). The correspondence relates spinors of SO(p, 2) and of 
SO(p— 1, 1). For all p > 1 the spinor dimension differs by onc-half while the 
R-symmetry group remains the same. Observe that SO{p, 2) can be regarded 
as the group of conformal symmetries in a Minkowski space of p dimensions, 
or as the isometry group of an anti-de Sitter space of dimension p+l. This 
correspondence extends this statement to the level of spinors. It implies that 
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the extension of the Poincare superalgebra mD = p spacetime dimensions to 
a superconformal algebra requires a doubling of the number of supercharges. 
This feature is well known [27] and the two supersymmetries are cahed 
Q- and S'-supersymmetry. The anticommutator of two S'-supersymmetry 
charges yields the conformal boosts. Both set of charges transform under the 
R-symmetry group of the Poincare algebra, which plays a more basic role in 
the superconformal algebra as its generators appear in the anticommutator 
of a (5-supersymmetry and an ^-supersymmetry charge. In the anti-de 
Sitter context, the spinor charge is irreducible but has simply twice as many 
components. We return to the superconformal invariance and related aspects 
in chapter 7. 

It is illuminating to exploit some of the previous correspondences and 
the relations between various supersymmetry representations in the context 
of the so-called adS/CFT correspondcnce [28]. We close this chapter by 
exhibiting a chain of rclationships between various supermiiltiplets. We 
start with an = 4 supersymmetric gauge theory in D = 4 spacetime 
dimensions, whose massless states are characterized as representations of 
the S0(2) helicity group and the R-symmetry group SU(4).^ Hence we have 
a field theory with Q = 16 supersymmetries, of which only 8 arc rcalized on 
the massless supermultiplet. This supermultiplet decomposes as follows, 

(±1, l)p + (0, 6)p + (i, 4)p + (-i, 4)p , (2.14) 

where p indicates the three-momentum, |p| the energy, and the entries in the 
parentheses denote the helicity and the SU(4) representation of the states. 

Multiplying this multiplet with a similar one, but now with opposite 
thrcc-momcntum —p, yields a multiplet with zero momentum and with niass 
M = 2|p[. As it turns out the helicity states can now be assemblcd into 
states that transform under the 3-dimensional rotation group, so that they 
can be characterized by their spin. The resulting supermultiplet consists of 
128+128 degrees of freedom. While the states of the original multiplet (2.14) 
were only subject to the helicity group and 8 supersymmetries, the composite 
multiplet is now a full supermultiplet subject to 16 supersymmetries and 
the rotation (rather than the helicity) group. Indeed, inspection shows that 
this composite multiplet is precisely the N = 4 massive multiplet shown in 
table 7. In this form the relevant R-symmetry group is extcnded to USp(8). 

It is possible to cast the above product of states into a product of fields 
of the 4-dimensional gauge theory. One then finds that the spin-2 opera- 
tors c<)rr(^s|)oud to the (niorgy-momentum tensor, which is conserved (i e. 

''Becausc this multiplet is CPT self-conjugato, the U(l) subgroup of U(4) coincides 
with the helicity group and plays no independent role here. 
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divergence-free) and traceless, so that it has precisely the 5 independent 
components appropriate for spin-2. The spin-1 operators decomposc into 
15 conserved vectors, associated with the currents of SU(4), and 6 selfdual 
antisymmetric tensors. The spin-0 operators are scalar composite opera- 
tors. Furthermore there are 4 chiral and 4 antichiral vector-spinor operators, 
which are conserved and traceless (with respect to a contraction with gamma 
matrices) such that each of them correspond precisely to the 4 components 
appropriate for spin-|. These are the supcrsymmetry currents. Finally 
there are 20 and 4 chiral and antichiral spin-^ operators. This is precisely 
the supermultiplet of currents [22], which couples to the fields of confor- 
mal supergravity. Because neither the currents nor the conformal super- 
gravity fields are subject to any field equations (unlike the supersymmetric 
gauge multiplet from which we started, which constitutes only an on-shell 
supermultiplet), it forms the basis for a proper off-shell theory of N = 4= 
conformal supergravity [22]. The presence of the traceless and conserved 
energy-momentum tensor and supcrsymmetry currents, and of the SU(4) 
conserved currents, is a consequence of the superconformal invariance of the 
undcrlying 4-dimensional gaugc theory. The N = A conformal supergrav- 
ity theory couples consistently to the = 4 supersymmetric gauge theory. 
Chapter 7 will further explain the general setting of superconformal theories 
that is relevant in this context. 

The off-shell N = 4 conformal supergravity multiplet in 4 dimensions 
can also be interpreted as an on-shcll m,assless supermultiplet in 5 dimen- 
sions with 32 supersymmetries. Because of the masslessness, the states are 
annihilated by half the supercharges and are still classified according to 
S0(3), which now acts as the helicity group; the R-symmetry group coin- 
cides with the USp(8) R-symmetry of the relativistic 5-dimcnsional super- 
symmetry algebra. Hence this is the same multiplet that describes D = 5 
maximal supergravity. This theory has a nonlinearly realized Egj-g) invari- 
ance whosc linearly realized subgroup (which is relevant for the spectrum) 
equals USp(8). 

The latter theory can be gauged (we refer to chapter 5 for a discussion of 
this) in which case it can possess an anti-de Sitter ground state. According 
to table 9, a fully supersymmetric ground state leads to a U(4) R-symmetry 
group. As we will discuss in chapter 6, anti-dc Sitter space leads to 'rcmark- 
able representations'. These are the singletons, which do not have a smooth 
Poincare limit because they are associated with possible degrees of freedom 
living on a 4-dimensional boundary. Because the 5-dimensional anti-de Sit- 
ter superalgebra coincides with the 4-dimensional superconformal algebra, 
the 4-dimensional boundary theory must be consistent with superconfor- 
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mal invariance. Hence it does not come as a surprise that these singleton 
representations coincide with the supermultiplet of 4-dimensional N = A 
gauge theory. This set-up requires the gauge group of 5-dimensional super- 
gravity to be chosen such as to preserve the relevant automorphism group. 
Therefore the gauge group must be equal to S0(6) = SU(4)/Z2. Indeed, 
this gauging allows for an anti-de Sitter maximally supersymmetric ground 
state [29]. Thus, the circle closes. 

We stress that the above excursion, Unking the various supermultiplets in 
different dimensions by a series of arguments, is purely based on symmetries. 
It does not capture the dynamical aspects of the adS/CFT correspondence 
and has no bearing on the nature of the gauge group in 4 dimensions. At 
this stage we thus have to content ourselves with the existence of this re- 
markable chain of correspondences. Many aspects of these correspondences 
wih reappear in later chapters. 

3 Supergravity 

In this chapter we discuss field theories that are invariant under locai su- 
persymmetry. Because of the underlying supersymmetry algebra, the in- 
variance under local supersymmetry imphes the invariance under spacetime 
diffeomorphisms. Therefore these theories are necessarily theories of grav- 
ity. We exhibit the initial steps in the construction of a supergravity theory, 
with and without a cosmological term. Thcn we concentrate on maximal 
supergravity theories in various dimensions, thcir symmetries, and dimen- 
sional compactifications on tori. At the end we briefly discuss some of the 
nonmaximal theories 

3.1 Simple supergravity 

The first steps in the construction of any supergravity theory are usually 
based on the observation that local supersymmetry implies the invariance 
under general coordinate transformation. Therefore one must introduce the 
fields needed to describe general relativity, namely a vielbein field and a 
spin-connection field o;^^. The vielbein field is nonsingular and its inverse 
is denoted by e^. The vielbein defines a local set of tangcnt frames of the 
spacetime manifold, while the spin-connection field is associatcd with (local) 
Lorentz transformations of these frames. The world indices, /x, i^, . . ., and the 
tangent space indices, a,b, . . ., both run from O to £) — 1. For an introduction 
to the vielbein formalism we refer to [30]. Furthermore one needs one or 
several gravitino fields, which carry both a world index and a spinor index 
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and which act as the gauge fields associated with local supersymmetry. For 
simplicity wc only considcr a single Majorana gravitino field, denoted by ipfj,, 
but this restriction is not essential.^'' Hence any supergravity Lagrangian 
is expected to contain the Einstein-Hilbert Lagrangian of general relativity 
and the Rarita-Schwinger Lagrangian for the gravitino field, 

«2 /: = - 1 e Riuj) - \ei)^ T^'^PD^{uj)^p + • • • , (3.1) 

where the covariant derivative on a spinor V' reads 

D^{u)i^ = (d^ - ia;;'' Vab) V' , (3.2) 

and u>^°'^ is the spin-connection field whose definition will be discussed in 
a sequel. The matrices \Tab = \[^a,^b] the generators of the Lorentz 
transformations in spinor space, is related to Newton's constant and 
e = det(e;). Observe that the spinor covariant derivative on V/* contains 
no affine connection, as it should not [30]. 

We note the existence of two covariant tensors, namely the curvature 
associated with the spin connection R'^{u) and the torsion tcnsor R^^{P), 
which carries this name bccause it is proportional to the antisymmetric part 
of the affine connection, L^'^^j, upon using the vielbein postulate, 

d,u;f - d^^f + o; - ul, - o;,- , 
D^i^K-D^i^K- (3.3) 

We note that these tensors satisfy the Bianchi identities, 

D[^i^)K] C'^) = O , D^^{^)Kp] (P) + ep] b = o . (3.4) 

It is suggestive to regard and cj^'' as the gauge fields of the Poincare 
group. In that context R{uj) is written as R{M), so that P and M denote 
the translation and the Lorentz generators of the Poincare algebra. We will 
use this notation in latcr chapters when discussing the anti-de Sitter and 
the conformal algebras. Here we will just use the notation R{u;) and define 
its contractions with the inverse vielbeine (related to the Ricci tensor and 
Ricci scalar) by 

R^{e,u)=e,^R^, {u) , R{e, u) = e^e^ Rf,{oj) . (3.5) 

'^"For deflniteness we consider a generic supergravity theory with one Majorana gravitino 
with an antisymmetric charge-conjugation matrix C and gamma matrices V a satisfying 
Cr„C"^ = -rj. Furthermore = e^T„. This is the case for £) = 3,4, 10, 11 mod 8. 
For _D = 8, 9 mod 8, tho chargo-conjugation matrix is symmetric and CFaC"^ = FJ. For 
-D = 5, 6, 7 mod 8, Majorana spinors do not exist. 
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The spin connection can be treated as an independent field (first-order 

formalism) , which is thcn solvcd in terms of its field equations, or it can be 
fixed from the beginning (second-order formalism) , for instance, by imposing 
the constraint, 

KAP)=0. (3.6) 

Such a constraint is called 'conventional' because it expresses one field in 
terms of other fields in an algebraic fashion. For pure gravity the first- and 
the second-order formalism lead to the same result. The constraint (3.6) 
can be solved algebraically and leads to, 

<'(e) = 5<(^"'c-^'c"-^c"'), 

where the Oab^ are the objects of anholonomity, 

na,' = e^ei;{d^e^-d^e^). (3.8) 

Prom the spin connection onc dcfines the affine connection by T^if = D^{ijj)e^, 
which ensures the validity of the viclbcin postulatc. With the zero-torsion 
value (3.7) for the spin connection, the affine connection becomes equal to 
the Christoffel symbols and R^vp^ = -R^t('^) ^pa^h coincides with the Stan- 
dard Riemann tensor. 

The action corresponding to the above Lagrangian is locally supcrsym- 
metric up to terms cubic in the gravitino field. The supersymmetry trans- 
formations contain the terms, 

5e/,« = ie-r^^M , Ht. = D^,{uj)e , (3.9) 

where the gravitino variation is the extension to curved spacetime of the 
spinor gauge invariance of a Rarita-Schwingcr field. Extending this La- 
grangian to a fully supersymmetric one is not always possible. Usually 
it requires additional fields of lower spin, whose existence can be inferred 
from the knowledge of the possible underlying (massless) supermultiplets of 
States. When the spacetime dimcnsion exceeds clcvcn, conventional super- 
gravity no longer exists, as we shall discuss in the next section. 

Let us now include a cosmological term into the above Lagrangian as 
well as a suitably chosen masslike term for the gravitino field, 

+\g{D-2)ei^^T^'^^lJ, + \g\D-l){D-2)e + ■■■ . (3.10) 



(3.7) 
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As it turns out the corresponding action is still locally supersymmetric, up 
to terms that arc cubic in the gravitino field, provided that we introduce an 
extra term to the transformation rules, 

,5e/ = , 6^^ = [d^{u) + i^r^) e . (3.11) 

The Lagrangian (3.10) was first written down in [31] in four space-time 
dimensions and the correct interpretation of the masslike term was given in 
[32]. Observe that the variation for V'/i may be regarded as a generahzed 
covariant derivativc, whcre and act as gauge fields/^ 

Consistency requires that gT^e satisfies the same Majorana constraint 
as ipf^ and e. With the conventions that we have adopted this imphes that 
g is real. The reahty of g has important consequences, as it imphes that 
the cosmological term is of definite sign. Hence supersymmetry does not a 
priori forbid a cosmological term, but it must be of definite sign (at least, 
if the ground state is to preserve supersymmetry). This example does not 
cover all cases, as one does not always have a single Majorana spinor with 
the spccificd charge conjugation properties. Nevertheless the conclusion 
that the cosmological term must have this particular sign remains, unless 
one accepts 'ghosts': ficlds whose kinetic terms are of the wrong sign. For 
an early discussion, see [33, 34] and references therein. We should point 
out that there are situations where a cosmological term is not consistent 
with supersymmetry. Assuming that the thcory has an anti-dc Sitter or 
de Sitter ground state, one may verify whether the Minkowski spinors have 
the right dimension to enable them to live in these spaces. For instance, a 
Majorana- Weyl spinor in Z) = 10 spacetime dimensions has only half the 
number of components as a spinor in (anti-)de Sitter space of the same 
dimension. Therefore, simple supergravity in D = 10 dimensions cannot 
possibly have (anti-)de Sitter ground states. Such a counting argument does 
not exclude anti-de Sitter ground states in D = 11 spacetime dimensions, 
because D = U Lorentz spinors can exist in anti-de Sitter space. Here 
the argument may be invoked that no relevant supersymmetric extension 
of the anti-de Sitter algebra exists beyond D = 7 dimensions [3], but there 
are also explicit studies ruling out supersymmetric cosmological terms in 11 
dimensions [35]. 

'^^The masslike term in (3.10) is consistent with that interpretation as it can be generated 
from the Rarita-Schwinger Lagrangian by the same change of the covariant derivative, i. e., 

-iev;^r''"'''(D.(w) + iflr.)Vp. 
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The Einstein equation corresponding to (3.10) reads (suppressing the 
gravitino field), 

R^c. - \g^.v R+y\D-l){D-2)g^, = 0, (3.12) 

which implies, 

R^^u = g\D - 1) , R = g^D{D - 1) . (3.13) 

Hence we are dealing with a D-dimensional Einstein space. The maximally 
symmetric solution of this equation is an anti-de Sitter space, whose Rie- 
mann curvature equals 

i?^,«^ = 232e/e,'']. (3.14) 

This solution leaves all supersymmetries intact just as flat Minkowski space 
does. One can verify this directly by considering the supersymmetry vari- 
ation of the gravitino field and by requiring that it vanishes in the bosonic 
background. This happens for spinors e(x) satisfying 

[D^{u;) + lgT^)e = 0. (3.15) 

Spinors satisfying this equation are called Killing spinors. Since (3.15) is 
a first-order differential equation, one expects that it can be solved pro- 
vided some integrability condition is satisfied. To see this one notes that 

also {D^{uj) + ^^g^ + \g^u)^ must vanish. Antisymmctrizing this 
expression in /i and v then yields the (algebraic) integrability condition, 

{-\R^J^Tab + \g''T^,)e = Q. (3.16) 

Multiplication with yields, 

{R^,-g\D-\)g^J)v^e = Q, (3.17) 

from which one derives that the Riemann tensor satisfies (3.13). Therefore 
supersymmetry requires an Einstein space. Requiring full supersymmetry, 
so that (3.15) holds for any spinor e, implies (3.14) so that the spinor e must 
live in anti-de Sitter space. 

Hence we have seen that supersymmetry can be realized in anti-de Sit- 
ter space. We will return to this issue later in chapter 6, where we discuss 
the (super) multiplet structure in anti-de Sitter space. We stress once more 
that, in this section, we have restricted ourselves to the graviton-gravitino 
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sector. To construct the full theory usually requires more fields and im- 
portant restrictions arise on the dimensionality of spacetime. For instance, 
while minimal supergravity in D = 4 dimensions does not reqmre additional 
fields, in Z) = 11 dimensions an additional antisymmetric gauge field is nec- 
essary. The need for certain extra fields can be readily deduced from the 
underlying massless supermultiplets, which were extensively discussed in the 
previous chapter. 

3.2 Maximal supersymmetry and supergravity 

In chapter 2 we restricted ourselves to supermultiplets based on Q < 32 su- 
percharge components. From the general analysis it is clear that increasing 
the numbcr of supercharges leads to higher and higher helicity representa- 
tions. For instance, the maximal helicity, |Ainax|5 of a massless supermultiplet 
'm D = 4 spacetime dimensions is larger than or equal to jqQ- Therefore, 
when Q > 8 we have |Amax| > 1, so that theories for these multiplets must 
include vector gauge fields. Whcn Q > 16 we have |Amax| > f, so that the 
theory should contain Rarita-Schwinger fields. In view of the supersymme- 
try algebra an interacting supersymmetric theory of this type should contain 
gravity, so that in this case we must include A = 2 states for the graviton. 
Bcyond Q = 32 one is dcaling with states of helicity A > 2. Those are 
describcd by gauge fields that are symmetric Lorcntz tensors. Symmetric 
tensor gauge fields for arbitrary helicity states can be constructed (in D = 4 
dimensions, see, for instance, [36]). However, it turns out that symmetric 
gauge fields cannot consistcntly couplc, ncithcr to themselves nor to other 
fields. An exception is the graviton field, which can interact with itsclf as 
well as with low-spin matter, but not with other fields of the same spin 
[37]. By consistent, we mean that the respective gauge invariances of the 
higher-spin fields (or appropriate deformations thereof) cannot be preserved 
at the interacting level. Most of the scarch for interacting higher-spin fields 
was performed in 4 spacetime dimensions [38], but in higher dimensional 
spacetimes one expects to arrive at the same conclusions, because other- 
wise, upon dimensional reduction, these theories would give rise to theories 
that are consistent in Z? = 4. There is also dircct cvidence in Z? = 3, where 
graviton and gravitini fields do not describe dynamic degrees of freedom. 
Hence, one can write down supergravity theories based on a graviton field 
and an arbitrary number of gravitino fields, which are topological. However, 
when coupling matter to this theory in the form of scalars and spinors, the 
theory does not support more than 32 supercharges. Beyond Q = 1Q there 
are four unique theories with Q = 18, 20, 24 and 32 [8]. 
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Table 10: Bosonic field content for maximal supergravities. The p = 3 gauge field 
in D = lOB has a self-dual field strength. The representations [1] and [28] (in 
D = 8,4, respectively) are extended to U(l) and SU(8) representations through 
duaUty transformations on the field strengths. These transformations can not be 
represented on the vector potentials. In D = 3 dimensions, the graviton does not 
describe propagating degrees of freedom. For p > O the fields can be assigned to 
representations of a bigger group than Hr. This will be discussed in due course. 

Hence the conclusion is that there is a restriction on the number Q of 
independent supersymmetries, as for (5 > 32 no interacting field theories 
seem to exist. There have been many efforts to circumvent this bound 
of (5 = 32 supersymmetries. It seems clear that one needs a combina- 
tion of the fohowing ingredicnts in order to do this (for a review, see e. g. 
[39]): (i) an infinite tower of higher-spin gauge fields; (ii) interactions that 
are inversely proportional to the cosmological constant; (iii) extensions of 
the super-Poincare or the super-de Sitter algebra with additional fermionic 
and bosonic charges. Indeed explicit theories have bccn constructed which 
demonstrate this. However, conventional supergravity theories are not of 
this kind. This is the reason why we avoided (i. e. in table 5) to list super- 
multiplets with states transforming in higher-helicity representations. The 
fact that an infinite number of fields can cure certain inconsistencies is by 
itself not new. While a massive spin-2 field cannot be coupled to gravity, 
the coupling of an infinite number of them can be consistent, as can be seen 
in Kaluza-Klein theory. 

In this chapter we review the maximal supergravities in various dimen- 
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sions. These theories have = 32 super symmetries and we restrict our 

discussion to 3 < D < 11. The highest dimension D = 11 is motivated by 
thc fact that spinors have more that 32 componcnts in flat Minkowski space 
for spacetime dimensions D > 11. Observe, however, that this argument as- 
sumes D-dimensional Lorentz invariance. As was stressed in [40, 41], there 
are scenarios based on spacetime dimensions higher than D = 11, where the 
extra dimensions can not uniformly decompactify so that the no-go theorem 
is avoided. The fact that no uniform decompactification is possible is closely 
related to the T-duahty between winding and momentum states that one 
knows from string theory. 

The bosonic fields always comprise the mctric tcnsor for the graviton and 
a number of {p+ l)-rank antisymmetric gauge fields. For the antisymmetric 
gauge fields, it is a priori unclear whether to choose a {p+ l)-rank gauge field 
or its dual (_D — 3 — p)-rank partner, but it turns out that the intcractions 
often prefer the rank of the gauge field to be as small as possible. Thcrefore, 
in table 10, we restrict ourselves to p < 3, as in £) = 11 dimensions, p = 3 
and p = 4 are each other's dual conjugates. This table presents all the field 
configurations for maxinial supcrgravity in various dimensions. Obviously, 
the problematic higher-spin fields are avoided, because the only symmetric 
gauge field is the one describing the graviton. In table 11 we also present 
the fermionic fields, always consisting of gravitini and simple spinors. All 
these fields are classified as representations of the R-symmetry group Hr. 
Note that thc simplest versions of supcrgravity (which dcpend on no other 
coupling constant than Newton's constant) are manifestly invariant under 
Hr. Actually, as we will explain in a sequel, the maximal supcrgravity 
theories have symmetry groups that are much larger than Hr. 

3.3 D = 11 Supcrgravity 

Supcrgravity in 11 spacetime dimensions is based on an "elfbein" field E^, a 
Majorana gravitino field ^ m and a 3-rank antisymmetric gauge field Cmnp- 
With chiral (2,0) supcrgravity in 6 dimensions, it is the only Q > 16 supcr- 
gravity theory without a scalar field. Its Lagrangian can be written as foUows 

[11], 



— —T- 
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- ^ER{E,n) - ^E^Mr^'''''DN{n)^P - ^E{Fmnpq? 

— -^^V2e^^^^^^'^^^^^ Fmnpq Frstu Cvwx (3.18) 
-^V2E(*^r^^^««^*5 + 12*^r^^^'3)FMArPQ + • • 
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D 


IIr 


gravil ini 


tipinorti 


11 


1 


1 





lOA 


1 


1+1 


1+1 


lOB 


S0(2) 


2 


2 


9 


S0(2) 


2 


2 + 2 


8 


U(2) 


2 + 2 


2+2+4+4 


7 


USp(4) 


4 


16 


6 


USp(4)xUSp(4) 


(4,1) + (1,4) 


(4, 5) + (5, 4) 


5 


USp(8) 


8 


48 


4 


U(8) 


8 + 8 


56 + 56 


3 


S0(16) 


16 


128 



Table 11: Fermionic field content for majcimal supergravities. For £) = 5,6, 7 the 
fermion fields are couiitcd as symplectic Majorana spinors. For £> = 4, 8 we include 
both chiral and antichiral spinor components, which transform in conjugate repre- 
sentations of H^. In D = 3 dimensions the gravitino does not describe propagating 
degrees of freedom. 

where the ellipses denote terms of order E' = det and ^m^^ denotes 
the spin connection. The supersymmetry transformations are 

SEi^ = leF^^M, 
SCmnp = -|V2er[MAr*p], (3.19) 
S^M = £'M(J^)e+2|8V2(rM^^'^^-85i^r^'3«)eFjvPQR. 

Here the derivative Dm is covariant with respect to local Lorentz transfor- 
mations, 

DM{n) e=(dM- \^M^^VAB)e, (3.20) 
and Fmnpq is the super covariant field strength 

Fmnpq = "^^d^MCNpg] + ^V2^[M^NP^Q] ■ (3-21) 
The supercovariant spin connection is the solution of the foUowing equation, 
D^Mi^) E^^ - i*Mr^*iV = o . (3.22) 
The left-hand side is the supercovariant torsion tensor. 
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Note the presence of a Chern-Simons-like term F A F A C in the La- 
grangian, so that the action is only invariant iindcr tcnsor gaugc transforma- 
tions up to surface terms. We also wish to point out that the quartic-^' terms 
can be included into the Lagrangian (3.18) by replacing the spin-connection 
field Q by {Q + d)/2 in the covariant derivative of the gravitino kinetic 
term and by replacing Fmnpq in the last Hne by {Fmnpq + Fmnpq)/2. 
These substitutions ensure that the field equations corresponding to (3.18) 
are supercovariant. The Lagrangian is derived in the context of the so- 
called "1.5-order" formalism, in which the spin connection is defined as a 
dependent field determined by its (algebraic) equation of motion, whereas its 
supersymmetry variation in the action is treated as if it were an independent 
field [42]. 

We have the following bosonic field equations and Bianchi identities, 

Rmn = Y29MN FpqrsF^'^^^ - \Fmpqr Fn^'^^ , 

d[MFNPQR\ = O, (3.23) 

which no longer depend explicitly on the antisymmetric gauge field. An 
alternative form of the second equation is [43] 

d[MHNPQRSTU] = o ) (3.24) 
where Hmnpqrst is the dual field strength, 

Hmnpqrst = i^E £mnpqrstuvwxF^^^^ — \^F[mnpqCrst\ ■ 

(3.25) 

One could imagine that the third equation of (3.23) and (3.24) receive contri- 
butions from charges that would give rise to source terms on the right-hand 
side of the equations. These charges are associated with the 'flux'-integral 
of Hmn pqrst and Fmn pq over the boundary of an 8- and a 5-dimensional 
spatial volume, respectively. In analogy with the Maxwell theory, the in- 
tegral §H may be associated with electric flux and the integral § F with 
magnetic flux. The spatial volumes are orthogonal to a p = 2 and a p = 5 
brane configuration, respectively, and the corresponding charges are 2- and 
5-rank Lorentz tensors. Thcsc arc just the charges that can appear as central 
charges in the supersymmetry algebra (2.12). Solutions of 11-dimensional 
supergravity that contribute to these charges were considered in [44, 45, 46]. 

Finally, the constant l/^fi in front of the Lagrangian (3.18), which car- 
ries dimension [length]"^ ~ [mass]^, is undetermined and depends on fixing 
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some length scale. To see this consider a continuous rescaling of the fields, 



~^ 6 "-^M ! e "/^^'m , Cmnp e ^"Cmnp ■ (3.26) 

Under this rescaling the Lagrangian changes according to 

£11 ^ e-^'^Cn . (3.27) 
This change can then be absorbed into a redefinition of «n/^ 

«?! ^ e~^'''4i ■ (3-28) 

This simply means that the Lagrangian depends on only one dimensional 
coupling constant, namely «n. The same situation is present in many other 
supergravity theories. Concentrating on the Einstein-Hilbert action in D 
spacetime dimensions, the corresponding scaling property is 



9, 



- , Cu - e(2-^)«£z. , kI e(^-^)-Kl, . (3.29) 



Of course, this implies that the physical value of Newton's constant, does 
not necessarily coincide with the parameter in the Lagrangian but it 
also depends on the precise value adopted for the (flat) metric in the ground 
state of the theory. 



3.4 Dimensional reduction and hidden symmetries 

The maximal supergravities in various dimensions are related by dimensional 
reduction. In this reduction some of the spatial dimensions are compactified 
on a hypertorus and one retains only the fields that do not depend on the 
torus coordinates. This corresponds to the theory one obtains when the size 
of the torus is shrunk to zero. A subset of the gauge symmetries associated 
with the compactified dimensions survive as internal symmetries. The aim 
of the present discussion hcre is to elucidate a number of features related 
to these symmetries, mainly in the context of the reduction of -D = 11 
supergravity to D = 10 dimensions. 

We denote the compactified coordinate by which now parameterizes 
a circlc of length L}^ The fields are thus decomposed in a Fourier series as 
periodic functions in on the interval O < a;^'' < L. This results in a spec- 
trum of massless modes and an infinite tower of massive modes with masses 

'^^Note that the rescahngs also leave the supersymmetry transformation rules unchanged, 
provided the supersymmetry parameter e is changed accordingly. 

^^Throughout these lectures we enumerate spacetime coordinates by 0, 1, ...,£> — 1. 
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inversely proportional to the circle length L. The massless modes form the 
basis of the lower-dimensional supergravity theory. Because a toroidal back- 
ground does not break supersymmetry, the resulting supergravity has the 
same number of supersymmetries as the original one. For compactifications 
on less trivial spaces than the hypertorus, this is usually not the case and the 
number of independent supersymmetries will be reduced. Fully supersym- 
metric compactifications are rare. For instance, 11-dimensional supergravity 
can be compactified to a 4-dimensional maximany symmetric spacetime in 
only two ways such that all supersymmetries remain unaffected [47]. One 
is the compactification on a torus T^, the other one the compactification 
on a spherc S"^ . In tlic lattcr case the resulting 4-dimensional supergravity 
theory acquires a cosmological term. 

In the formulation of the compactified theory, it is important to de- 
compose the higher-dimcnsional fields in such a way that they transform 
covariantly undcr the lowcr-dimensional gauge symmetries and under diffeo- 
morphisms of the lower-dimensional spacetime. This ensures that various 
complicated mixtures of massless modes with the tower of massive modes 
will be avoided. It is a key element in cnsuring that solutions of the lower- 
dimensional theory remain solutions of the original higher-dimensional one, 
which is an obvious requirement for having consistent truncations to the 
massless states. Another point of interest concerns the nature of the mas- 
sive supermultiplcts. Bccausc tlicse originate from supcrmultiplets that are 
massless in highcr dimcnsions, tlicy arc 1/2-BPS multiplcts which arc short- 
ened by the presence of central charges corresponding to the momenta in 
the compactified dimension. Implications of these BPS supermultiplcts will 
be discussed in more detail in scction 3.6. 

The cmcrgcncc of ncw internal symmetries in thcorics that originate from 
a higher-dimensional setting, is a Standard fcature of Kaluza-Klein theories 
[48] . Following the discussion in [49] we distinguish between symmetries that 
have a direct explanation in terms of the higher-dimensional symmetries, and 
symmetries whose origin is obscure from a higher-dimensional viewpoint. 
Let us start with the symmetries associated with the metric tensor. The 
11-dimensional metric can be decomposed according to 

ds^ = g^^ dx^'dx'' + (dx^° + V^dx^) {dx^^ + VAx'') , (3.30) 

where the indiccs /x, v label the 10-dimensional coordinates and the factor 
multiplying (j) is for convcnicncc latcr on. The massless modes correspond to 
the oj^'^-independent parts of the 10-dimensional metric g^^y, the vector field 
and the scalar (f). Here the x^°-independent component of acts as a 
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gauge field associated with reparametrizations of the circle coordinate 
with an arbitrary function ^(x) of the 10 remaining spacetimc coordinates 
s'*. Specifically, we have —>■ — ^{x) and s'* —>■ leading to 

V^{x) ^ V^{x) + d^i{x) . (3.31) 

The massive modes, which correspond to the nontrivial Fourier modes in 
couple to this gauge field with a charge that is a multiple of 

Skk = . (3.32) 

Another symmetry of the lower-dimensional thcory is more subtle to 
identify.^^ In the previous subsection we notcd tlic cxistcnce of certain 
scale transformations of the D = 11 fields, which did not leave the theory 
invariant but could be used to adjust the coupUng constant kio- In the 
compactified situation we can also involve the compactification length into 
the dimensional scaling. The integration over x^^ introduces an overall factor 
L in the action (we do not incorporate any L-dependent normalizations in 
the Fourier sums, so that the 10-dimensional and the 11-dimensional fields 
are directly proportional) . Therefore, the coupling constant that emerges in 
the 10-dimensional theory equals 

-2- = -2- , (3.33) 

and is of dimcnsion [mass]^. However, because of the invariance under dif- 
feomorphisms, L itsclf has no intrinsic meaning. It simply expresses the 
length of the ^^'^-periodicity interval, which depends on the coordinatiza- 
tion. Stated differently, we can reparameterize by some diffeomorphism, 
as long as we change L accordingly. In particular, we may rescale L accord- 
ing to 

L c-^"L , (3.34) 
corresponding to a reparametrization of the 11-th coordinate, 

^io^e-9V°, (3.35) 

so that Kio remains invariant. Consequently we are then dealing with a 
symmetry of the Lagrangian. 

^^There are various discussions of this symmetry in the litcrature. Its existeiice in 10- 
dimensional supergravity was noted long ago (scc, c. g. [9, 50]) and an extensive discussion 
can be found in [18]. Our derivation here was alluded to in [49], which deals with isometries 
in A'^ = 2 supersymmetric Ma^well-Einstein theories in Z) = 5,4 and 3 dimensions. 
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In the efFective 10-dimensional theory, the scale transformations (3.26) 
are thus suitably combined with the diffeomorphism (3.35) to yield an invari- 
ance of the Lagrangian. For the fields corresponding to the 11-dimensional 
metric, these combined transformations are given by^^ 

e^^e-"e^, (/.^<^+12a, ^ e'^^V;, . (3.36) 

The tensor gauge field Cmnp decomposes into a 3- and a 2-rank tensor in 
10 dimensions, which transfer m according to 

Cfivp — > e '^'^Cfiyp , Ciifiu — >■ G^'^Ciifiu . (3.37) 

The presence of the above scale symmetry is confirmed by the resulting 
10-dimensional Lagrangian for the massless (i. e., ar^'^-independent) modes. 
Its purely bosonic terms read 



-Cio = — T- 



K 



10 



- lee^'>''^R{e,Lo) - \ee^'^{d^V, - d^V^f (3.38) 

_J_ )2 _ 3 -2</,/3/o- ^,2 

J 3_,/2;rMi-Mio (7 p p 

^ 1152 V ^ t <-^ll/ii/j,2 ^3/^4^5/^6 MT/^SWMIO 

where H^iyp = 6 9[y^C,^p]ii is the field strength tensor belonging to the 2-rank 
tensor gauge field. 

The above example exhibits many of the characteristic features of di- 
mensional reduction and of the symmetries that emerge as a result. When 
reducing to lower dimension onc can follow the same procedure a number of 
times, consecutively reducing the dimension by unit steps, or one can reduce 
at once to lower dimensions. Before continuing our general discussion, let 
us briefiy discuss an example of the latter based on gravity coupled to an 
antisymmetric tensor gauge field in D + n spacetime dimensions, 

Co,-^ER-lE{d[MBNP]f- (3.39) 

Aftcr compactification on a torus T", the fields that arc indcpcndcnt of the 
torus coordinates rcmain massless fields in D dimensions: the graviton, one 
tensor gauge field, 2n abelian vector gauge fields, and scalar fields. The 



^^Note that these transformations apply uniformly to all Fourier modes, as those de- 
pend on a;^°/L which is insensitive to the scale transformation. This does not imply 
that the Lagrangian remains invariant when retaining the higher Fourier modes, because 
the Kaluza-Klein charges (3.32) depend explicitly on L. This issue will be relevant in 
section 3.6. 
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scalar fields originate from the metric and the antisymmetric gauge field 
with both indices taking values in T", so that they are parametrized by a 
symmetric tensor gij and an antisymmetric tensor Bij . The difFeomorphisms 
acting on the torus coordinates x* which are hnear in a;*, i. e., x^ — > 0^jX^, 
act on gij and B^j according to g ^ O^gO and B O^BO. The matrices 
O generate the group GL(n), which can be regarded as a generahzation of 
the scale transformations (3.36) and (3.37). The group GL(n) contains the 
rotation group SO(n); its remaining part depends on in(n + 1) parameters, 
exactly equal to the number of independent fields g^j. Special tensor gauge 
transformations with parameters proportional to Aij x^ inducc a shift of 
the massless scalars Bij proportional to the constants A[ij]- Thcrc arc thus 
\n{n — 1) independent shift transformations, so that, in total, we have now 
identified \n{'in — 1) isometries, which act transitively on the manifold (i e. 
they leave no point on the manifold invariant). Therefore the manifold is 
homogeneous (for a discussion of such manifolds, see section 4.1). However, 
it turns out that there exist \n{n — 1) additional isometries, whose origin is 
not directly related to the higher-dimensional context, and which combine 
with the previous ones to generate the group SO{n,n). The homogeneous 
space can then be identified as the coset space SO(n, n)/(SO(n) x SO(n)). 

According to the above, 11-dimensional supergravity reduced on a hyper- 
torus thus leads to a Lagrangian for the massless sector in lower dimensions 
(the massive sector is discussed in section 3.6), which exhibits a number of 
invariances that find their origin in the diffeomorphisms and gauge trans- 
formations related to the torus coordinates. As already explained, one must 
properly account for the periodicity intervals of the torus coordinates a;', 
but the action for the massless fields remains invariant under continuous 
GL(n) transformations. Furthermore, all the scalars that emerge from di- 
mensional reduction of gauge fields are subject to constant shift transforma- 
tions. These scalars and the scalars originating from the metric transform 
transitively under the isometry group. Since 11-dimensional supergravity 
has itself no scalar fields, the rank of the resulting symmctry group in lower 
dimensions is equal to the rank of GL(ra), and thus to the number of com- 
pactified dimensions, i. e., r = 11 — D, where D is the spacetime dimension 
to which we reduce. In general these extra symmetries are not necessarily 
symmetries of the full action. In even dimensions, the symmetries may not 
leave the Lagrangian, but only the field equations, invariant. The reason 
for this is that the isometries may act by means of duality transformations 
on field strengths associated with antisymmetric tensor gauge fields of rank 
\D — 1 which cannot be implemented on the gauge fields themselves. In 4 



43 



dimensions this phenomenon is known as electric-magnetic duality (for a re- 
cent review, see [51]); for Z) = 6 we refer to [52]. For supergravity, it is easy 
to see that the scalar manifold (as well as the rest of the theory) possesses 
additional symmetries beyond the ones that foUow from higher dimensions, 
because the latter do not yet incorporate the full R-symmetry group of the 
underlying supcrmultiplet. We expect that Hr is also realized as a symme- 
try, because the maximal supergravity theory that one obtains from com- 
pactification on a hypertorus has no additional couphng constants (beyond 
Newton's constant) which could induce R-symmetry breaking. Therefore we 
expect that the target space for the scalar ficlds is an homogcncous space, 
with an isometry group whose generators belong to a solvablc subalgebra 
associated with the shift transformations, to the subalgebra of GL(11 — D) 
scale transformations and/or to the subalgebra associated with Hr. Of 
coursc, thcsc subalgcbras will partly overlap. Usually a counting argument 
(of the typc first uscd in [53]) then readily indicates what the structure is 
of the corresponding homogeneous space that is parametrized by the scalar 
fields. In table 12 we list the isometry group G and the isotropy group Hr of 
these scalar manifolds for maximal supergravity in dimensions 3 < D < 11. 
Earlier versions of such tables can, for instancc, bc found in [9, 50]. 

A more recent discussion of these isometry groups from the perspectives 
of string theory and M-theory can be found in, for example, [54, 24]. Here 
we merely strcss a numbcr of characteristic features of the group G. One of 
them is that Hr is always the maximal compact subgroup of G. As we men- 
tioned already, another (noncompact) subgroup is the group GL(11 — D), 
associated with the reduction on an (11 — Z))-dimensional torus. Yet another 
subgroup is SL(2) x SO(n, n), whcrc n = 10 — I?. This group, which emerges 
for _D < 10 can be understood within the string perspective; SL(2) is the 
S-duality group and SO(n, n) is the T-duality group. It also follows from the 
toroidal compactifications of IIB supergravity, which has a manifest SL(2) 
in Z? = 10 dimensions. The group SO(n, n) is associated with the invariance 
of toroidal compactifications that involve the metric and an antisymmetric 
tensor field (c/. (3.39)). 

Here we should add that it is generally possible to realize the group Hr 
as a local symmetry of the Lagrangian. The corresponding connections are 
then composite connections, governed by the Cartan-Maurer equations. In 
such a formulation most fields (in particular, the fermions) do not trans- 
form under the group G, but only under the local Hr group. The scalars 
transform linearly under both the rigid duality group as well as under the 
local Hr group; the gauge fields cannot transform under the local group Hr, 
as this would be in conflict with their own gauge invariance. After fixing a 
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D 



G 



II dim [G] - dim [H] 



11 

lOA 
lOB 




S0(l,l)/Z2 



1 



1 0-0=0 

1 1-0=1 

S0(2) 3-1 = 2 

S0(2) 4-1 = 3 

U(2) 11-4 = 7 



9 
8 
7 
6 
5 
4 
3 



SL(3)xSL(2) 

SL(5) 

SO(5,5) 



USp(4) 24 - 10 = 14 

USp(4) X USp(4) 45 - 20 = 25 
USp(8) 78 - 36 = 42 

SU(8) 133 - 63 = 70 

SQ(16) 248 - 120 = 128 



Table 12: Homogeneous scalar manifolds G/H for majcinial supergravities in var- 
ious dimensions. The type-IIB theory cannot be obtained £rom reduction of 11- 
dimensional supergravity and is included for completeness. The difTerence of the 
dimensions of G and H equals the number of scalar fields, hsted in table 10. 

gauge, the G-transformations become reaiized nonlinearly (we discuss such 
nonlinear realizations in detail in chapters 4 and 5). The fields which ini- 
tially transform only under the local group, will now transform under 
the duality group G through field-dependent Hr transformations. This phe- 
nomenon is also reaiized for the central charges, which transform under the 
group Hr as we have shown in table 8. We discuss some of the consequences 
for the central charges and the BPS states in section 3.6. 

3.5 Prames and field redefinitions 

The Lagrangian (3.38) does not contain the Standard Einstein-Hilbert term 
for gravity, while a Standard kinetic term for the scalar field (p is lacking. 
This does not pose a serious problem. In this form the gravitational field and 
the scalar field are entangled and one has to deal with the scalar-graviton 
system as a wholc. To separate the scalar and gravitational degrces of 
frccdom, one applies a so-called Weyl rescaling of the metric g^i, by an 
appropriate function of 0. In the case that we include the massive modes, 
this rescaling may depend on the extra coordinate x^^. In the context of 
Kaluza-Klein theory this factor is known as the 'warp factor'. For these 
lectures two different Weyl rescalings are particularly relevant, which lead 
to the so-called Einstein and to the string frame, respectively. They are 
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defined by 



g-</'/3 |-ga j string 



(3.40) 



We already stressed that thc the compactification length L is just a parame- 
ter length with no intrinsic meaning as a result of the fact that one can always 
apply general coordinate transformations which involve a:;^'^. Of course, one 
may also consider the geodesic length, which in the metric specified by (3.30) 
is equal to L exp[2((/>)/3]. In the Einstein frame, the geodesic length of the 
11-th dimension is invariant under the S0(1, 1) transformations. 

After applying the first rescaling (3.40) to the Lagrangian (3.38) one 
obtains the Lagrangian in the Einstein frame. This frame is characterized 
by a Standard Einstein-Hilbert term and by a graviton field that is invariant 
under the scale transformations (3.36, 3.37). The corresponding Lagrangian 
reads^^ 



/•Einstein 



1 



"10 



ii?(e,a;) - l{d^<Pf] - iee=^^/2(a^K - d.V^f 



2' 



+ 



1152 



C 



(3.41) 



Supergravity theories are usually formulated in this frame, where the isome- 
tries of the scalar fields do not act on the graviton. 

The second rescaling (3.40) leads to the Lagrangian in the string frame. 



/^string 

■'-lO 



1 



"10 



e e 



-2<^ -lR{e,u) + 2{d^<l>f-l{H^,pf 

\e{d^V,-d,V^f-ige{F, 



(3.42) 



This frame is characterized by the fact that K and (if^,/p)^ have the same 
coupling to the scalar (\), or, equivalently, that g^j^^, and Cn^,^ transform with 
equal weights under the scale transformations (3.36, 3.37). In string theory <^ 

A „a 



^^Notc that under a local scale transformation ej! 
sions changes according to 



e"e^, the Ricci scalar in D dimen- 



R 



-2A 



R^2{D - \)D^d^k^{D - \){p ~2)g'"' d^kd^k 



Observo that gaugo fields cannot be rodefined by these local scale transformations because 
this would interfere with their own gauge invariance. 
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coincides with the dilaton field that couples to the topology of the worldsheet 
and whosc vacuum-expcctation value defines the string coupling constant 
according to gg = exp((0)). The significance of the dilaton factors in the 
Lagrangian above is well known. The metric g^i,, the antisymmetric tensor 
C/ii/ii and the dilaton (/) always arise in the Neveu-Schwarz sector and couple 
universally to e"^*^. On the other hand the vector and the 3-form C^,/p 
describe Ramond-Ramond (R-R) states and the specific form of their vertex 
operators forbids any tree-level coupling to the dilaton [55, 18]. In particular 
the Kaluza-Klein gauge field corresponds in the string context to the R-R 
gauge field of type-II string theory. The infinite tower of massivc Kaluza- 
Klein states carry a charge quantized in units of Ckk, defined in (3.32). In the 
context of 10-dimensional supergravity, states with R-R charge are solitonic. 
In string theory, R-R charges are carried by the D-brane states. 

For later purposes let us note that the abovc discussion can be general- 
ized to arbitrary spacetime dimensions. The Einstein frame in any dimension 
is defined by a gravitational action that is just the Einstein-Hilbert action, 
whereas in the string frame the Ricci scalar is multiplied by a dilaton term 
exp(— 2(/)d), as in (3.41) and (3.42), respectively. The Weyl rescaling which 
connects the two frames is given by, 

Let us now return to 11-dimensional supergravity with the 11-th coor- 
dinate compactified to a circle so that O < < L. As we stressed already, 
L itself has no intrinsic meaning and it is better to consider the geodesic 
radius of the 11-th dimension, which reads 

i?,o = Ae2W/3. (3.44) 
27r 

This result applics to the frame specified by the 11-dimensional thecry-*"^. In 
the string frame, the above result reads 

(i?io)="'"^ = :^eW. (3.45) 

It shows that a small 11-th dimension corresponds to small values of exp{(f)) 
which in turn corresponds to a weakly coupled string theory. Observe that 
L is fixed in terms of «lo and kh {c. f. (3.33)). 

^'^This is the frame specified by the metric given in (3.30), which leads to the Lagrangian 
(3.38). 
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Prom the 11-dimensional expressions, 



E^dM = {d^ - dio) , ^i^^M = e-2<^/3 dio , (3.46) 

where a and /7, rcfcr to thc 10-dimcnsional Lorcntz and world indiccs, we infer 
that, in the frame specified by the 11-dimensional theory, the Kaluza-Klein 
masses are multiples of 

M^'^ = . (3.47) 

Hencc Kaluza-Klein states have a mass and a Kaluza-Klein charge (cf. 
(3.32)) related by 

M™ = |eKK|e-2<'^>/^ (3.48) 
In the string frame, this result becomes 

^^KK-).tri„g = |e^^| e" W . (3.49) 

Massive Kaluza-Klein states are always BPS states, meaning that they are 
contained in supermultiplets that are 'shorter' than the generic massive su- 
permultiplets because of nontrivial central charges. The central charge here 
is just the 10-th component of the momentum, which is proportional to the 
Kaluza-Klein charge. 

The surprising insight that emerged, is that the Kaluza-Klein features 
of 11-dimensional supergravity have a precise counterpart in string theory 
[54, 56, 55]. There onc has nonpcrturbative (in the string coupling constant) 
states which carry R-R charges. On the supergravity side these states often 
appear as solitons. 



3.6 Kaluza-Klein states and BPS-extended supergravity 

In most of this chapter we restrict ourselves to pure supergravity. However, 
when compactifying dimensions one also encounters massive Kaluza-Klein 
states, which couplc to thc supergravity theory as massive matter supermul- 
tiplets. The presence of these BPS states introduces a number of qualitative 
changes to the theory which we discuss in this section. The most conspic- 
uous change is that the continuous nonlinearly realized symmetry group G 
is broken to an arithmetic subgroup, known as thc U-duality group. This 
U-duality group has been conjectured to be the exact symmetry group of 
(toroidally compactified) M-theory [54]. The BPS states (which are con- 
tained in M-theory) should therefore be assigned to representations of the 
U-duality group. Here one naively assumes that the U-duality group acts 
on the central charges of the BPS states and it is simply defined as the 
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arithmetic subgroup of G that leaves the central-charge lattice invariant. 
However, ccntral chargcs arc in principlc assigncd to representations of the 
group and not of the group G (although the central charges will eventu- 
aUy, upon gauge fixing, transform nonhnearly under G, via field-dependent 
Hr transformations). In most cases, these Hr representations can be ele- 
vated to representations of G, by multiplying with the representatives of the 
coset space G/Hr (representatives of coset spaces will be discussed in chap- 
ters 4 and 5). In this way, the pointlike (field-dependent) central charges 
can be assigned to representations of G for spacetime dimensions D > 4. 
Similar observations exist for stringlike and membranelike central charges 
except that in thcse cases the dimension must be restricted even further [41]. 

Another aspect of the coupling of the BPS states to supergravity is 
that the central charges should be related to local symmetries, in view of 
the fact that thcy appcar in the anticommutator of two supercharges and 
supersymmetry is rcalized locally. Thcrcfore nonzero central charges must 
couple to appropriate gauge fields in the supergravity theory. These gauge 
fields transform (with minor exceptions) linearly with constant matrices 
under the group G. Inspection of the tables that wc havc prcsented earlier, 
shows that the gauge fields usually appear in the G-rcprcscntation required 
for gauging the corresponding central charge. Provided that the central 
charges can be assigned to the appropriate representations of the U-duality 
group and that the appropriate gauge fields are available, one may thus 
envisage a (possibly local field) theory of BPS states coupled to supergravity 
that is U-duality invariant. This theory would exhibit many of the features 
of M-theory and describe many of the relevant degrees of freedom. 

The Kaluza-Klein states that we encountcr in toroidal compactifications 
of supergravity arc a subsct of the 1 /2-BPS states in M-thcory. They carry 
pointlike central charges and they couple to the Kaluza-Klein photon fields, 
i. e., the vector gauge fields that emerge from the higher-dimensional metric 
upon the toroidal compactification. However, they do not constitute rep- 
resentations of the U-duality group, because the central charges that they 
carry are too restricted. This is the reason why retaining the Kaluza-Klein 
states in the dimensional compactification will lead to a breaking of the 
U-duality group. Prom the eleven-dimensional perspective it is easy to see 
why the central charges associated with the Kaluza-Klein states are too 
restricted, because under U-duality the central charges related to the mo- 
mentum operator in the compactified dimensions combine with the two- 
and five-brane charges (c/. (2.12)) in order to define representations of the 
U-duality group. However, conventional dimensional compactification does 
not involve any brane charges. Nevertheless, in certain cases one may still 
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be able to extend the Kaluza-Klein states with other BPS states, so that 
a U-duality invariant theory is obtained. Such extended theories are called 
BPS-extended supergravity [40, 41]. 

The fact that some of the central charges are associated with extra space- 
time dimensions {i. e. the charges carried by the Kaluza-Klein states) imphes 
that the newly introduced states (associated with wrapped branes) may also 
have an interpretation in terms of extra dimensions. In this way, the mim- 
ber of spacetime dimensions could exceed eleven, although the theory would 
presumably not be able to decompactify uniformly to a fiat spacetime of 
more than eleven dimensions. The aim of this section is to elucidate some of 
these ideas in the relatively simple context of N = 2 supergravity in D = 9 
spacetime dimensions. 

We start by considering the BPS multiplets that are relevant in 9 space- 
time dimensions from the perspective of supergravity, string theory and 
(super)membranes. In 9 dimensions the R-symmetry group and the duahty 
group are equal to Hr = 80(2) and G = S0(1, 1) x SL(2; R), respectively. It 
is well known that the massive supermultiplets of IIA and IIB string theory 
coincidc, whereas the masslcss states comprisc incquivalcnt supermultiplets 
for the simple reason that thcy transform according to different represen- 
tations of the S0(8) helicity group. When compactifying the theory on a 
circle, IIA and IIB states that are massless in 9 spacetime dimensions, trans- 
form according to identical representations of the S0(7) helicity group and 
constitute equivalent supermultiplets. The corresponding intcracting ficld 
theory is the unique N = 2 supergravity theory in 9 spacetime dimensions. 
However, the BPS supermultiplets which carry momentum along the circle, 
remain inequivalent as they remain assigned to the inequivalent representa- 
tions of the group S0(8) which is now associated with the restframe (spin) 
rotations of the massive states. Henceforth the momentum states of the IIA 
and the IIB theories will be denoted as KKA and KKB states, respectively. 
The fact that they constitute inequivalent supermultiplets, has implications 
for the winding states in order that T-duality remains valid [19]. 

In 9 spacetime dimensions with N = 2 supersymmetry the Lorentz- 
invariant central charges are encoded in a two-by-two real symmetric matrix 
Z^^, which can be decomposed as 

Z'^ = b 6'^ + a (cos ea3+ sin 9 aif^ . (3.50) 

Hcrc (Ti^3 are the real symmetric Pauli matriccs. We note that the central 
charge associated with the parameter a transforms as a doublet under the 
S0(2) R-symmetry group that rotates the two supercharge spinors, while 
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the central charge proportional to the parameter b is S0(2) invariant. Sub- 
sequently one shows that BPS states that carry these charges must satisfy 
the mass formula, 

Mbps = |a| + \b\ . (3.51) 

Here one can distinguish three types of BPS supermultiplets. One type has 
central charges 6 = and a 7^ 0. These are 1/2-BPS muliplets, because thcy 
are annihilated by half of the supercharges. The KKA supermultiplets that 
comprise Kaluza-Klein states of IIA supergravity are of this type. Another 
type of 1/2-BPS mulitplets has central charges a = O and 6 7^ 0. The KKB 
supermultiplets that comprise the Kaluza-Klein states of IIB supergravity 
are of this type. Finally there are 1/4-BPS multiplets (annihilated by one 
fourth of the supercharges) characterized by the fact that neither a nor b 
vanishes. 

For type-II string theory one obtains these central charges in terms of 
the left- and right-moving momenta, pi^, p^, that characterize winding and 
momentum along S^. However, the result takes a different form for the IIA 
and the IIB theory as the following formula shows, 

.. f h(Pl^+PR)S''+k(PL-PR)4'^ (for IIB) 
Z'^ = { (3.52) 

[ Up^-pr)S'^ + ^{PL+PR)(71' . (for IIA) 
The corresponding BPS mass formula is thus cqual to 

MBPS = k\PL+PR\ + ^\pL-PR\- (3.53) 

For pl = Pr WC confirm the original Identification of the momentum states, 
namcly that IIA momentum states constitute KKA supermultiplets, while 
IIB momentum states constitute KKB supermultiplets. For the winding 
states, where pL = —pR, one obtains the opposite result: IIA winding states 
constitute KKB supermultiplets, while IIB winding states constitute KKA 
supermultiplets. The 1/4-BPS multiplets arisc for string states that have 
either right- or left-moving oscillator states, so that either Mbps = \pl\ or 
|pr| with / Pr- ^11 of this is entirely consistent with T-duality[16, 17], 
according to which there exists a IIA and a IIB perspective, with decom- 
pactification radii are that inverscly proportional and with an interchange of 
winding and momentum states. Obscrvc that the 1/4-BPS states will never 
become massless, so that they don't play a role in what follows. 

It is also possible to view the central charges from the perspective of the 
11-dimensional (super)membrane [57]. Assuming that the two-brane charge 
takes values in the compact coordinates labelled by 9 and 10, which can 
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be generated by wrapping the membrane over the corresponding T^, one 
readily finds the expression, 



(3.54) 



When compactifying on a torus with modular parameter r and area A, the 
BPS mass formula takes the form 



Here qi^2 denote the momentum numbers on the torus and p is the number of 
times the membrane is wrapped over the torus; Tm denotes the supermem- 
brane tension. Clcarly the KKA states corrcspond to the momentum modes 
on while the KKB states are associatcd with the wrapped membranes 
on the torus. Therefore there is a rather natural way to describe the IIA 
and IIB momentum and winding states starting from a (super)membrane in 
eleven spacetime dimensions. This point was first cmpliasizcd in [58]. 

This suggests to considcr N = 2 supergravity in 9 spacetime dimen- 
sions and couple it to the simplest BPS supermultiplets corresponding to 
KKA and KKB states. As shown in tables 8 and 10 there are three cen- 
tral charges and 9-dimensional supergravity possesses precisely three gauge 
fields that couplc to thcsc charges. From the perspcctivc of 11-dimcnsional 
supergravity compactified on T^, the Kaluza-Klein states transform as KKA 
multiplets. Their charges transform obviously with respect to an S0(2) as- 
sociated with rotations of the coordinates labelled by 9 and 10. Hence we 
havc a "doublc" towcr of thcsc charges with corresponding KKA supermul- 
tiplets. On the other hand, from the perspective of IIB compactified on 
S^, the Kaluza-Klein states constitute KKB multiplets and their charge is 
S0(2) invariant. Here we have a "single" tower of KKB supermultiplets. 
Howcvcr, from the perspective of 9-dimensional supergravity one is led to 
couple both towers of KKA and KKB supermultiplets simultaneously. In 
that oase one obtains some dichotomic theory[19], which we refer to as BPS- 
extended supergravity. In the case at hand this new theory describes the 
ten-dimensional IIA and IIB theories in certain decompactification limits, 
as well as eleven-dimensional supergravity. But the theory is in some sense 
truly 12-dimensional with three compact coordinates, although there is no 
12-dimensional Lorentz invariance, not even in a uniform decompactifica- 
tion limit, as the fields never depend on all the 12 coordinates! Whethcr 
this kind of BPS-extended supergravity offers a viable scheme in a more 
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qi+Tq2\+Tu,A \p\. 



(3.55) 
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general context than the one we discuss here, is not known. In the oase at 
hand we know a lot about these couplings from our knowledge of the 
compactification oi D = 11 supergravity and the compactification of IIB 
supergravity. 

The fields of 9-dimensional N = 2 supergravity are listed in table 13, 
where we also indicate their relation with the fields of 11-dimensional and 
10-dimensional IIA/B supergravity upon dimensional reduction. It is not 
necessary to work out all the nonlinear field redefinitions here, as the cor- 
responding fields can be uniquely identified by their scaling weights under 
S0(1,1), a symmetry of the massless theory that emerges upon dimensional 
reduction and is associated with scalings of the internal vielbeine. The 
scalar field a is related to G99, the IIB metric component in the compact- 
ified dimension, by G99 = exp(cr); likewise it is related to the determinant 
of the 11-dimensional metric in the compactificd dimensions, which is cqual 
to exp(— The precise relationship follows from comparing the S0(1,1) 
weights through the dimensional reduction of IIB and eleven-dimensional 
supergravity. In 9 dimensions supergravity has two more scalars, which are 
dcscribed by a nonlinear sigma model based on SL(2, R)/S0(2). Tlic cosct 
is described by the complex doublet of fields 0", which satisfy a constraint 
'P"''pa = 1 and are subject to a local S0(2) invariance, so that they describe 
precisely two scalar degrees of freedom {a = 1, 2). We expect that the local 
S0(2) invariance can be incorporated in the full BPS-extended supergrav- 
ity theory and can bc exploitcd in the construction of the couplings of the 
various BPS supermultiplets to supergravity. 

We already mentioned the three abelian vector gauge fields which couple 
to the Central chargcs. There are two vector fields A'^, which are the Kaluza- 
Klein photons from the reduction of clcven-dimcnsional supergravity and 
which couple therefore to the KKA states. From the IIA perspective these 
correspond to the Kaluza-Klein states on and the DO states. Prom the IIB 
side they originate from the tcnsor fields, which confirms that they couple 
to the IIB (elementary and DI) winding states. These two fields transform 
under SL(2), which can be understood from the perspective of the modular 
transformation on as well as from the S-duality transformations that 
rotate the elementary strings with the DI strings. The third gauge field, 
denoted by B^, is a singlet under SL(2) and is the Kaluza-Klein photon 
on the IIB side, so that it couples to the KKB states. On the IIA side it 
originates from the IIA tensor field, which is consistent with the fact that 
the IIA winding states constitute KKB supermultiplets. 

From the perspective of the supcrmembrane, the KKA states are the mo- 
mentum states on T^, while the KKB states correspond to the membranes 
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Table 13: The bosonic fields of the eleven dimensional, type-IIA, nine-dimensional 

N = 2 and type-IIB supergravity theories. The 11-dimensional and 10-dimensional 
indices, respectively, are split as M = (/z, 9, 10) and M = (/U, 9), where fj, = 
0, 1, ... 8. The last column lists the S0(1,1) scaling weights of the fields. 

wrapped around the torus. While it is gratifying to see how all these corre- 
spondences work out, we stress that, from the perspective of 9-dimensional 
N = 2 supergravity, the results follow entirely from supersymmetry. 

The resulting BPS-extended theory incorporates 11-dimensional super- 
gravity and the two type-II supergravities in special decompactification hm- 
its. But, as we stressed above, we are deaUng with a 12-dimcnsional theory 
here, although no field can depend nontrivially on all of these coordinates. 
The theory has obviously two mass scales associated with the KKA and 
KKB statcs. Wc rcturn to thcm in a moment. Both S- and T-duality are 
manifest, although the latter has become trivial as the theory is not based 
on a specific IIA or IIB perspective. One simply has the freedom to view 
the theory from a IIA or a IIB perspective and interpret it accordingly. 

We should discuss the fate of the group G = S0(1,1) x SL(2,R) of 
pure supergravity after coupUng the theory to the BPS multiplcts. The 
central charges of the BPS states form a discrete lattice, which is affected 
by this group. Hence, after coupling to the BPS states, we only have a 
discrete subgroup that leaves the charge lattice invariant. This is the group 
SL(2,Z). 

The KKA and KKB states and their interactions with the massless the- 
ory can be understood from the perspective of compactified 11-dimensional 
and IIB supergravity. In this way we are able to deduce the following BPS 
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Table 14: Field content for niaxinial super-Maxwell theories in various dimensions. 

Ali supermultiplets contain a gaiigc ficld A,^, scalars (f) and spinors x ^md comprises 
8 + 8 degrees of freedom. In D = 3 dimensions the vector field is dual to a scalar. 
The 6* representation of SU(4) is a selfdual rank-2 tensor. 

mass formula, 

Mbps(9i, g2,p) = mKKA e^"'^ ka0"| + ^KKB e-^'^ \p\ , (3.56) 

where qa and p refer to the integer-valued KKA and KKB charges, respec- 
tively, and ttikka and ttikkb are two independent mass scales. This formula 
can be compared to the membrane BPS formula (3.55) in the 11-dimensional 
frame. One then finds that 

Tra , (3.57) 

with a numerical proportionality constant. However, the most important 
conclusion to draw from (3.56) is that there is no limit in which the masses 
of both KKA and KKB states will tcnd to zero. In othcr words, there is no 
uniform decompactification limit. Therefore, in spite of the fact that we have 
more than 11 dimensions, there exists no theory with Q = 32 supercharges 
in fiat Minkowski spacetime of dimensions D > 11. 

3.7 Nonmaximal supersymmetry: Q = 16 

For completeness we also summarizc a niimbcr of rcsults on nonmaximal su- 
persymmetric theories with Q = 16 supercharges, which are now restricted 
to dimensions D < 10. Table 14 shows the field representations for the 
vector multiplet in dimension 3 < D < 10. This multiplet comprises 8 + 8 
physical degrees of freedom. We also consider the Q = 16 supergravity the- 
ories. The Lagrangian can be obtained by truncation of (3.38). However, 
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unlike in the case of maximal supergravity, we now have the option of in- 
troducing additional mattcr fields. For Q = 16 the matter will be in the 
form of vector supermultiplcts, possibly associated with some nonabeUan 
gauge group. Table 15 summarizes Q = 16 supergravity for dimensions 
3 < D < 10. In D = 10 dimensions the bosonic terms of the supergravity 
Lagrangian take the form [59], 
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{H, 



(3.58) 



whcrc, for convenicncc, we have inchided a single vector gauge field ^4,,, 
belonging to an abehan vector supermultiplet. A feature that deservcs to be 
mentioned, is that the field strength H^j^^p associated with the 2-rank gauge 
field contains a Chern-Simons term A^p^di^Apj . Chern-Simons terms play an 
important role in the anomaly cancellations of this theory. Note also that 
the kinetic term for the Kaluza-Klein vector field in (3.38), depends on (p, 
unlike the kinetic term for the matter vector field in the Lagrangian above. 
This refiects itself in the extension of the symmetry transformations noted 
in (3.36, 3.37), 



(t)^ (f> + 12a, 
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11//I/ 



e^"Cii^jy , 



A„ ^ e^"A 



(3.59) 



where A^ transforms differently from the Kaluza-Klein vector field V^. 

In this case there are three different Weyl rescalings that are relevant, 
namely 



e„ = 



— 4>/12 r aiEinstein 
g-</'/3 JgO j string ^ 



(3.60) 



It is straightforward to obtain the corresponding Lagrangians. In the Ein- 
stein frame, the graviton is again invariant under the isometries of the scalar 
field. The bosonic terms read 
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(3.61) 
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Table 15: Bosonic fields of nonniaxinial supergravity with Q = 16. In 6 dimensions 

typc-A and typc-B corrcspond to (1,1) f-nd (2,0) supergravity. In thc third column, 
# denotes the number of bosonic degrees of freedom. Note that, with the exception 
of the 6B and the 4-diniensional theory, all these theories contain precisely one 
scalar ficld. Thc tcnsor ficld in thc 6B theory is sclfdual. In D = 4 dimensions, 
the SU(4) transformations cannot be implemented on the vector potentials, but act 
on the (abelian) field strengths by duality transformations. In Z) = 3 dimensions 
supergravity is a topological theory and can be coupled to scalars and spinors. 
The scalars parametrize the coset space S0(8, A:)/(S0(8) x SO(A;)), where k is an 
arbitrary integer. 
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The second Weyl rescaling leads to the following Lagrangian, 



/"string - 

■^10 - ^2 ^ 
'^10 
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- ^eR{e,Lj) + 2e{df,(f)f 



(3.62) 



which shows a uniform coupling to thc dilaton. This is the low-energy 
effective Lagrangian relevant for the heterotic string. Eventually the matter 
gauge field has to be part of an nonabehan gauge theory based on the groups 
SO(32) or Eg x Eg in order to be anomaly-free. 
Finahy, the third Weyl rescahng yields 
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(3.63) 



Now the dilaton seems to appear with the wrong sign. As it turns out, this is 
the low-energy effective action of the type-I string, where the type-I dilaton 
must be associated with —<p. This is relatcd to the fact that the SO(32) 
heterotic string theory is S-dual to type-I string theory [60]. 



4 Homogeneous spaces and nonlinear sigma mod- 
els 

This chapter offers an introduction to coset spaces and nonlinear sigma 
models based on such target spaces with their possible gaugings. The aim 
of this introduction is to facilitate the discussion in the next chapter, where 
we explain the gauging of maximal supergravity, concentrating on the max- 
imal supergravities in D = 4, 5 spacetime dimensions. As discussed earlier, 
these theories havc a nonlinear ly rcalized symmetry group, equal to 'Ej'j^y^ 
and Eg(g), respectively. It is possible to elevate the abelian gauge group 
associated with the vector gauge fields to a nonabelian group, which is a 
subgroup of these exceptional groups. The construction of these gaugings 
makes an essential use of the concepts and techniques discussed here. 

We start by introducing the concept of a coset space G/H, where H is a 
subgroup of a group G. Most of this material is Standard and can be found 
in textbooks, such as [61, 62]. Then we discuss the corresponding nonlin- 
ear sigma models, based on homogeneous target spaces, and present their 
description in a form that emphasizes a local gauge invariance associated 
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with the group H. Finally we introduce the so-called gauging of this class of 
nonlincar sigma models. In this introduction we try to be as general as pos- 
sible but in the examples we restrict ourselves to pseudo-orthogonal groups: 
SO(ra) or the noncompact versions SO{p,q). The latter enable us to include 
some material on de Sitter and anti-de Sitter spacetimes, which we make 
use of in later chapters. 



4.1 Nonlinearly realized symmetries 



As an example consider the n-dimensional sphere S'" of unit radius which we 
may embed in an (n + l)-dimensional real vector space R"+^ The sphere 
is obviously invariant under SO(n + 1), the group of (n + l)-dimensional 
rotations. Such invariances are called isometries and G = SO(n + 1) is 
therefore known as the isometry group. A homogeneous space is a space 
where every two points can be connected by an isometry transformation. 
Clearly the sphere is such a homogeneous space as every two points on 5" can 
be relatcd by an S0(?2 + l) isometry. However, the rotation connecting these 
two points is not unique as every point on S'" is invariant undcr an SO(n) 
subgroup. This group is called the isotropy group (or stability subgroup), 
denoted by H. Obviously, for a homogeneous manifold, the isotropy groups 
for two arbitrary points are isomorphic (but not identical as onc has to 
rotatc between these points). It is convenient to choose a certain point on 
the sphere (let us call it the north pole) with coordinates in R"+^ given 
by (O, . . . , 0, 1). Prom the north pole, we can reach each point by a suitable 
rotation. However, the north pole itself is invariant under the SO(n) isotropy 
group, consisting of the foUowing orthogonal matrices embedded into SO(ra+ 
1), 



h 



/i G H. 



(4.1) 



^ ••• * O 

Vo ••• o ly 

Therefore, if a rotation gi G G, with G = SO(n + 1) maps the north pole 
onto a certain point on the sphere, then the transformation g2 = gi ■ h will 
do the same. Therefore points on the sphere can be associated with the 
class of group elements g £ G that are equivalent up to multiplication by 
elements /i G H from the right. Such equivalence classes are called cosets, 
and therefore the space S'" is a coset space G/H with G = SO(n + 1) and 
H = SO(n). The sphere is obviously just one particular example of a homo- 
geneous space. Every such space can be described in terms of appropriate 
G/H cosets based on an isometry group G and a isotropy subgroup H. 
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A parametrization of the cosets of SO(n + 1)/S0(n), which assigns a 
single S O {n + 1) clemcnt to cvcry cosct, is thus equivalent to giving a 
parametrization of the sphcre. It is not difficult to find such a parametriza- 
tion. One first observes that every element of SO(n-|- 1) can be decomposed 
as the product of 



with some element of H. Here i, j = 1, . . . ,n. In view of various apphcations 
we extend our notation to noncompact versions of the orthogonal group, so 
that we can also deal with noncompact spaces. The noncompact groups 
leave an indefinite metric invariant. For SO{p, q) we have a diagonal metric 
with p eigenvalues +1 and q eigenvalues —1 (or vice versa as the overall sign 
is not relevant). Using the same decomposition as in (4.1), we choose this 
metric of the form diag (t], 1), where t] is again a diagonal metric with p (or 
q) eigenvalues equal to — 1 and g — 1 (or p — 1) eigenvalues equal to +1. 
Elements of SO(p, q) thus satisfy 



so that the metric rj is obviously H-invariant. The coset representative (4.2) 
satisfies the condition (4.3), provided that 



When 7] equals the unit matrix, we are dcaling with a compact space. When 
rj has negative eigenvalues the matrix (4.2) is no longer orthogonal and the 
space will be noncompact. Let us mention some examples. For rj = —1 
we have the hyperbolic space"^^ SO(n, 1)/S0(n), for 7] = (—,+,■■■,+) we 
have the de Sitter space SO(n, 1)/S0(n — 1, 1), and for r] = (— , +), 
we have the anti-de Sitter space SO(n — 1, 2)/S0(n — 1, 1). In this way we 
can thus treat a variety of spaces at the same time. However, note that r), 

^^Noncompact groups are not fuUy covered by exponeiitiation, such as in the coset 
representatives (4.2), because there are disconnected components. We also note that, 
in the noncompact case, there are other decompositions than (4.1), which ofFer distinct 
advantages. We will not discuss thcsc issucs hcrc. 

^®We are a little cavalier here with our terminology. Also the de Sitter and anti-de Sitter 
spaces are hyperbolic, as we shall see later (cf. (4.10)), but they are pseudo-Riemannian. 
We reserve the term hyperbolic for the Riemannian hyperbolic space. Unlike the de Sitter 
and anti-de Sitter spaces the former spaces are double-sheeded. In general, coset spaces 
where H is the maximal compact subgroup of a noncompact group G, have a positive or 
negative definite metric and are thus Riemannian spaces. 




(4.2) 




(4.3) 



«i = Vij • 



(4.4) 
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which eventually will play the role of the tangent-space metric, is 'mostly 
plus' for de Sitter, and 'mostly minus' for the hyperbolic and the anti-de 
Sitter space. This aspect will be important later on when comparing the 
curvature for these spaces. 

The elements g{a) G G define a representative of the G/H coset space, 
and therefore a parametrization of the corresponding space. Of course, the 
coset representative is not unique. We have decomposed the generators of 
G into generators h of H and generators k belonging to its complement; the 
latter have been used to generate the coset representative. In our example, 
the latter are associated with the last row and column of (4.2), so that they 
satisfy (schematically), 

[h,h] = h, 

[h,k] = k, 

[k, k] = h. (4.5) 

The first commutation relation states that the h form a subalgebra. The 
second one implies that the generators k form a representation of H, which 
ensures that in an infinitesimal neighbourhood of a point invariant under 
H, the coordinates a* rotate under H according to that representation. In 
the more general casc the third commutator may also yield the generators 
k. When they do not, the homogeneous space is symmetric. Obviously the 
above relations involve a choice of basis; the generators k are defined up to 
additive terms belonging to elements of the algebra associated with H. 
Let us now proceed and evaluate (4.2), 



9{oi) 



■' a " 



V -^^^Oij cos a / 



(4.6) 



whcrc = rjij a^a^ . Obviously the space is compact when r/ is positive, 
because in that case the parameter space can be restricted to O < a < tt. 
This corresponds to the sphere 5". In all other cases the parameter space is 
obviously noncompact and the sine and cosine may change to the hyperbolic 
sine and cosine in those parts of the space where is negative. Observe 
that the appearance of rj in the above formulae is the result of the fact that 
the generators k are normalized according to tr(kj kj) = —2r]ij. 

One may choose a different parametrization of the cosets by making a 
different decomposition than in (4.2). Different parametrizations are gener- 
ally related through (coordinate-dependent) H transformations acting from 
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the right. We may also chose different coordinates , such as, for instance,^'^ 

; sin a 



y' = ot- 



a 



(4.7) 



so that the coset representative reads 
/ 



9{y) 



5] + y'vj 



y 



\ 



-yj 



(4.8) 



where, depending on the sign choice, we parametrize different parts of the 
space (for the sphere S", the upper or the lower hemisphere) . For the sphere 
the rangc of the coordinates is rcstricted by = Ej(y*)^ < 1. Note that 
the n X n submatrix in (4.8) equals the squarc root of the matrix 5j — y'^yj. 

One may use the coset representative to swecp out the coset space from 
one point (i e. the 'north pole') in the (n+ l)-dimensional embedding space. 
Acting with (4.8) on the point (O, . . . , 0, 1) yields the fohowing coordinates 
in the embedding space, 



r^ = (y^±y^^). 



(4.9) 



Using (4.3) one then shows that the coset space is embedded in n + 1 di- 
mensions according to 



riij Y'Y^ + (y"+i)2 = 1 , 



(4.10) 



Since the g{y) are contained in G one may examine the effect of G trans- 
formations acting on g{y), which will induce corresponding transformations 
in the coset space. To see this, we multiply g{y) by a constant element 
OG G G from the left. After this muhiphcation the result is in general 
no longer compatible with the coset representative g{y), but by applying a 
suitable y-dependent H transformation, ouiy), from the right, we can again 
bring g{y) in the desired form. In other words, one has 



giy) — ' OG g{y) = g{y') on{y) ■ 



(4.11) 



Hence the effect is a change of coordinates y y' m. a way that satisfies 
the group muhiphcation laws. The infinitesimal transformation y* 



y 



^°The coordinates (y', ±\/l — y^) are sometimes called homogeneous coordinates, be- 
causc the G-transformations act linearly on these coordinates. Inhomogeneous coordinates 



are the ratios j \J\ 



■y' 
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y' + defines the so-called Killing vectors Ciu)- Writing og ~ 1 + g and 
Oh ~ 1 + h(y), we find the relation, 

e{y)^^g{y)=ggiy)-giy)Ky). (4.12) 

We return to this result in the next subsection. 

Applying this construction to the case at hand, one finds that there are 
two types of isometries. One corresponding to the group H, which changes 
the coordinates y* by constant rotations. The other corresponds to n coor- 
dinate dependent shifts, 

Sy' = e'^Jl-y\ (4.13) 

where the e* are n constant parameters. As the reader can easily verify, both 
types of transformations take the form of a constant G transformation on 
the embedding coordinates which leaves the embedding condition (4.10) 
invariant. 

Coset representatives can be defined in different representations of the 
group G. The most interesting one is the spinor representation. Assume that 
we have a representation of the Chfford algebra C{p,q). The representation 
transforms (not necessarily irreducibly) under SO{p, q) generated by the 
matriccs ^Fy, but in fact it transforms also as a spinor under SO(jo, g + 1), 
as one can verify by including extra generators equal to the matrices ^Fj. 
Consequently we can define a representative of SO(p, q + 1)/S0(;j, q) in the 
spinor representation, 

g{a) = exp[iFi a'] = cos(a/2) 1 + i E^^I^^M a% , (4.14) 



with a defined as before, = voja*, and {Fj,Fj} = —2r]ij 1. This con- 
struction can apphed as well to cosets of other (pseudo-)orthogonal groups. 
In terms of the coordinates y' the representative reads 

9to) = i[^A+^+^/T^]l + ^J=|^^. (4.15) 

One can act with this representative on a constant spinor, specified at the 
north pole, i. e. we define tp{y) = g~^{y) Tp{0). The resuhing y-dependent 
spinor tp{y) is a so-called Killing spinor of the coset space. We shall exhibit 
this below. Obviously, similar results can be obtained in other representa- 
tions of G. 
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4.2 Geometrical quantities 

Geometrical quantities of the homogeneous space are defined from the left- 
invariant one-forms ^"^d^r, where g{y) € G, so that the one-forms take their 
value in the Lie algebra associated with G. It is convenient to use the lan- 
guage of differential forms,but by no means essential. The exterior derivative 
dg{y) describes the change of g induced by an infinitesimal variation of the 
coset-space coordinates y*. The one-forms g~^dg are called left-invariant, 
because they are invariant under left multiphcation of g with constant ele- 
ments of G. The significance of this fact will be clear in a sequel. Because the 
5's themselves are elements of G, the one-form g~^dg takes its values in the 
Lie algebra associated with G. Therefore the one-forms can be decomposed 
into the generators h and k, introduced earher, i. e., 

g-^dg = cj + e, (4.16) 

where u> is decomposable into the generators h and e into the generators k. 
Hence e defines a sqTiare matrix, with indices i that label the coordinates and 
indices a that label the generators k. These one-forms e are thus related to 
the vielbeine of the coset space, which define a tangent frame at each point 
of the space. The one-forms u> define the spin connection^^ , associated with 
tangent-space rotations that belong to the group H. Eq. (4.16) is of central 
importance for the geometry of the coset spaces. As a first consequence we 
note that the spinor tp{y), defined with the help of the representative (4.15) 
at the end of the previous subsection, satisfies the equation, 

(d + u; + e)V'(j/) = 0. (4.17) 

Upon writing this out in tcrms of the gamma matrices, one recovers precisely 
the so-called Killing spinor equation (c/. (3.15)). 

Let us now proceed and investigate the properties of the one-forms uo 
and e. In general it is not necessary to specify the coset representative, as 
different representatives are related by y-dependent H transformation acting 
from the right on g, i. e., 

9iy)^9iy)Ky), %)eH. (4.18) 

This leads to a different parametrization of the coset space. It is straight- 
forward to see how u and e transform under (4.18), 

(^• + f) — > h-^{uj + e)h + h-^dh. (4.19) 

^^Observe that in supergravity we have defined the spin connection field with opposite 
sign. 
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This equation can again be decomposed (using the first two relations (4.5) 
in terms of the generators h and k, which yields 

LOi — > h~^LOih + h~^dih , 

ei — > h-^eih. (4.20) 

Obviously, uo acts as a gauge connection for the local H transformations. 
Furthermore it foUows from (4.27) that uJi and transform as covariant 
vectors under coordinate transformations, i.e. 

y' y' + e, 

UJi — > LOi - di^^^j - i^djUJi , 

ei ei-dieej-edjSi. (4.21) 

We can also define Lie-algebra valued curvatures associated with Ui and 

Rij{R) = diujj - djUJi + [uji,ujj] , 
i?ij(G/H) = diCj - djCi + [iOi, Cj] - [LUj,ei] . (4.22) 

Introducing H-covariant derivatives, we note the relations 

[Di,Dj] = -RijOi), 
Rij{G/R) = Diej-Djei. (4.23) 

The values of these curvatures foUow from the Cartan-Maurer equations. To 
derive these equations we take the exterior derivative of the defining relation 
(4.16), 

dig-'dg) = -{g-'dg) A (g-'dg) , (4.24) 
or, in terms of lu and e, 

d{LO + e) = -{u + e) A{lo + e) . (4.25) 

Decomposing this equation in terms of the Lie algebra generators, using the 
relations (4.5), we find 

Rij{R) = -[ei, ej] , Rij{G/R) = O . (4.26) 

Note that the vanishing of Rij{G/H) is a consequence of the fact that we 
assumed that the coset space was symmetric (see the text below (4.5)). 

As we already alluded to earlier, the fields Cj can be decomposed into 
the generators k and thus define a set of vielbeine that specify a tangent 
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frame at each point in the coset space. In the context of difFerential geometry 
the indices i are called world indices, bccausc they refer to the coordinates 
of a manifold, whereas the indices a,b, . . . that label the generators k are 
called tangent-space indices (or local Lorentz indices in the context of gen- 
eral relativity). Because the generators k form a representation of H, this 
group rotates the tangent frames. Usually the group H can be embedded 
into SO(n) (or a noncompact version thereof) and leaves some target-space 
metric invariant (we will see the importance of this fact shortly) . The quan- 
tity LOi thus acts as the connection associated with rotations of the tangent 
frames, and therefore wc call it the spin connection. 

These aspects are easily recognized in the examples we are discussing, 
because the group H was precisely the (pseudo)orthogonal group. Hence, 
using the same matrix decomposition as before, we find explicit expressions 
for the vielbein and the spin connection, 



\-ei{y)dy' O / 



(4.27) 



Prom (4.8) one readily obtains 



-f = (y'" St -y' St) 



2 



e, 



■t 



f + ^(±7T=I-l)' (4.28) 



where, as before, indices are raised and lowered with r/. Note that is 
antisymmetric in a, 6, which follows from the (pseudo)orthogonality of H. 
The inverse vielbein reads 

ei = <5i + ^(±yr:7-l), (4.29) 

Furthermore, the curvatures introduced before, are readily identified with 
the curvature of the spin connection and with the torsion tensor. Prom the 
Cartan-Maurer equations, explained above, we thus find in components, 

Rt^{u;) = 2 el e\ , A e/ - I^.ef = O . (4.30) 

To define a metric gij one contracts an H-invariant symmetric rank-2 tensor 
with the vielbeine. The obvious invariant tensor is f]ah^ so that 

5ij=%6efej'. (4.31) 
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When there are several H-invariant tensors, there is a more extended class of 
metrics that one may consider, but in the case at hand the metric is unique 
up to a proportionality factor. In the parametrization (4.28) one obtains for 
the metric and its inverse, 

9ij = riij + Y^' 9''=ri'^-yW. (4.32) 

Given the fact that we have aheady made a choice for rj previously, a 'mostly 
plus' metric requires to include a minus sign in the definition (4.31) for the 
hyperbohc and anti-de Sitter spaces. This sign is important when comparing 
to spheres or de Sitter spaces. 

From the vielbein postulate, we know that the affine connection is equal 
to r j/ = ej' Dicf, from which we can define the Riemann curvature. For 
the examples at hand, this leads to 

ri/ = 2/%-. (4.33) 

Becausc the torsion is zero, the connection coincidcs with Christoffcl symbol. 
Because differs in sign as compared to the spin connection used in sec- 
tion 3.1, the Riemann tensor is equal to minus the curvature Rfj{oj), upon 
contraction with r)ac e.% el , and we find the fohowing result for the Riemann 
curvature tensor, 

Rijk = -9ki 4 + 9kj , (4.34) 

where gij is the metric tensor defined by (4.31). Thus the curvature is of 
definite sign, but we stress that this is related to the signature choice that we 
made for the metric, as we have discussed above. The Riemann curvature 
(4.34) is proportional to the metric, which indicates that we are deaUng 
with a maximany symmetric space. This means that the maximal number 
of isometries (equal to ^n{n + 1)) is reahzed for this space. 

Ah coset spaces have isometries corresponding to the group G. The 
diffeomorphisms associatcd with thcsc isometries are generated by Kilhng 
vectors ^*(y), which we introduced earher. Combining (4.12) with (4.16), 
we obtain, 

r(y) {i^^{y) + e,{y)) = g-\y)gg{y) - Kv) ■ (4-35) 
Decomposing this equation according to the Lie algebra, we find 

C{y)ei{y) = g{y), 

ky) = -C{y)^i{y) + ky). (4-36) 
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where 



h(y) = [g {y)g9{y) 
m = [9-\y)g9{y)\^^^- (4.37) 

The contribution h (y) is only relevant for those quantities that live in the 
tangent space. 

Now we return to the observation that the left-invariant forms, from 
which e and u were constructed, are invariant undcr the group G. There- 
fore, it fohows that e and u are both invariant as weh. Moreover, we es- 
tabhshed (c/. (4.11)) that the G-transformation acting on the left can be 
decomposed into a diffeomorphism combined with a coordinate-dependent 
H-transformation. Therefore, the vielbein e and the spin connection lo are 
invariant under these combined transformations. Since the metric is H- 
invariant by construction, it thus follows that the metric is invariant under 
the diffeomorphism associated with G. Hence, 

5g,j = D,ij{y) + D,i,{y) = O , (4.38) 

where = gij^^ and ^* is the so-called KilUng vector defined by (4.36). For 
the vielbein and spin connection, which transform under H, we find 

diiUj + ^^ djei + [eiMy)\ = o, 

di^^u^j + ^^djUi + dMy) + [uiMy)\ = 0. (4.39) 
In terms of h (y) these results take a more covariant form, 

di^Uj + i^ Djei + [eiMy)] = o, 

Ah (y) = Rij{H)e- (4.40) 
Combining the first equation with the first equation(4.36) yields 

R^j{G/H) e + [eu mh/H = O . (4.41) 

Observe that both terms vanish separately for a symmetric space. 

The diffeomorphisms generated by the Kilhng vector fields will give rise 
to the group G. This follows from (4.12). Let us label the generators of the 
group G by indices a, /?,... , and introduce structure constants by 

[ga,g/3] = /a/g7- (4.42) 
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The Killing vectors and the corresponding H-transformations then satisfy 
corresponding group multiplication properties, 

[ha, M = fap^y^j + ^i^^RijiH). (4.43) 

One can consider fields on the coset space, which are functions of the coset 
space coordinates assigned to a representation of the group H. On such fields 
the isometries are generated by the operators, 

-CA + ha. (4.44) 

On the basis of the results above one can show that these operators satisfy 
the commutation rclations of the Lic algebra associated with the isometry 
group G. To show this wc note the identity 

(-C^A + M(-e^A + h/3) = C^j,{D,Dj-R,jiH)) + Khi3 

+ [^UD4) + KCi3 + ~^p^i]Dj. (4.45) 

4.3 Nonlinear sigma models with homogeneous target space 

It is now rather straightforward to describe a nonhnear sigma model based 
on a homogeneous target space by making use of the above framework. 
One starts from scalar fields which take their values in the homogeneous 
space, so that the fields <p'^{x) define a map from the spacetime to the coset 
space. Hence we may foUow the same procedure as before and define a coset 
representative V(^*(x)) G G, which now depends on n fields. Subsequently, 
one uses the analogue of (4.16), to define Lie-algebra valued quantities Qn 
and Pf^, 

V~^d^V = Q^, + V^, (4.46) 

where Q^ is decomposable into the generators h and Vf^ into the generators 
k. Obviously one has the relations 

Q^{4>) = d^4>' , = em d^<p' . (4.47) 

The above expressions show that and are just the puli backs of the 
target space connection and vielbein to the spacetime. 

The local H transformations depend on the fields (f){x) and thus indi- 
rectly on the spacetime coordinates. Therefore one may elevate these trans- 
formations to transformations that depend arbitrarily on x^. Under such 
transformations we have 

V((^) ^ V((/.) h{x) . (4.48) 
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By allowing ourselves to perform such local gauge transformations, we intro- 
duced new degrees of freedom into V associated with the group H. Eventually 
we will fix this gauge freedom, but until that point V will just be an unre- 
stricted spacetime dependent element of the group G. After imposing the 
gauge condition on V{x) one obtains the coset representative V{(l){x)). Prom 
(4.48) we derive the foUowing local H-transformations, 

Q^{x) ^ h-\x)Q^{x)h{x) + h-Hx)d^hix), 

V^{x) h-\x)Vf,ix)hix). (4.49) 

Hence Q^ acts as a gauge field associated with the local H transformations. 
Furthermore both and Q^ are invariant under rigid G-transformations. 
It is convenient to introduce a corresponding H-covariant derivative, 

D^V = d^V - VQ^ , (4.50) 

so that (4.47) reads 

V-^D^V = . (4.51) 
Just as before, one derives the Cartan-Maurer equations (4.26), 

Here we made use of the commutation relations (4.5) 

There are several ways to write down the Lagrangian of the correspond- 
ing nonlinear sigma model. Obviously the Lagrangian must be invariant 
under both the rigid G transformations and the local H transformations. 
Hence we write 



M' 



(4.53) 



One can interpret this result in a first- and in a second-order form. In the 
first one regards the gauge field Q^ as an independent field, whose field 
equations are algebraic and are solved by (4.51). After substituting the 
result one obtains the second-order form, which presupposes (4.51) from the 
beginning. The result can be written as. 



£ = -itr 



(4.54) 



Clearly this Lagrangian is invariant under the group G. At this stage one 
still has the full gauge invariance with respect to local H transformations 
and one can impose a gauge restricting V to a coset representative. When 
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this is not done, the theory is invariant under Grigid x Hiocai with both 
groups acting linearly. However, as soon as one imposes a gauge and re- 
stricts V to a coset representative parametrized by certain fields 0*, the 
residual subgroup is such that the H transformations are hnked to the G 
transformations and depend on the fields This combined subgroup still 
generates a representation of the group G, but it is now reahzed in a non- 
Unear fashion. In order to deal with comphcated supergravity theories that 
involve homogeneous spaces, the strategy is to postpone this gauge choice 
till the end, so that one is always deaUng with a manifest Unearly reahzed 
symmetry group Giigid x Hiocai- As we intend to demonstrate, this strategy 
aUows for a systcmatic approach, whereas the gauge-fixcd approach leads 
to unsurmountable difficulties (at least, for the spaces of interest). It is 
straightforward to demonstrate that (4.54) leads to the Standard form of 
the nonlinear sigma model, 

C = ~lgij{<P)d^<p'd''<P^ , (4.55) 

where the target space metric is given by (4.31). In this form the local H 
invariance is absent, but the invariance under G is still there and reahzed 
as target space isometries generated by corresponding Killing vectors. 

It is easy to see how to couple matter fields to the sigma model in a 
way that the invariance under the isometries remains unaffectcd. Matter 
fields are assigned to a representation of the local H group, so that they 
couple to the sigma model fields through the connection Q^ that appears in 
the covariant derivatives. Usually the fields will remain invariant under the 
group G as long as one does not fix the gauge and choose a specific coset 
representative. Also here we can proceed in first- or second-order formalism. 
In first-order form the equation (4.47) will acquire some extra terms that 
depend on the matter fields. Upon choosing a gauge, the matter fields 
transform nonlinearly under the group G with transformations that take 
the form of 0-dependent H-transformations, determined by (4.36). However, 
gauge fields cannot couple in this way as their gauge invariance would be in 
conflict with the local invariance under the group H. Therefore, gauge fields 
have to transform under the rigid group G. 

We emphasize that the presentation that we followed so far was rather 
general; the maximally symmetric spaces that we considered served only 
as an cxample. In supergravity we are often dealing with sigma models 
bascd on homogeneous, symmetric target spaces. These target spaces are 
usually noncompact and Riemannian, so that H is the maximally compact 
subgroup of G. Later in this chapter we will be dealing with the E7(7)/SU(8) 
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and E6(6)/USp(8) coset spaces. The exceptional groups are noncompact and 
are divided by their maximal compact subgroups. The corresponding spaces 
have dimension 70 and 42, respectively. 



4.4 Gauged nonlinear sigma models 

Given a nonhnear sigma model with certain isometries, one can gauge some 
or all of these isometries in the usual way: one elevates the parameters of 
the isometry group (of a subgroup thereof) to arbitrary functions of the 
spacetime coordinates and introduces the necessary gauge fields (with their 
Standard gauge-invariant Lagrangian containing a kinetic term) and corre- 
sponding covariant derivatives. As explained above, for sigma models based 
on homogeneous target spaces one can procccd in a way in which all trans- 
formations remain linearly realized. To adopt this approach is extremely 
important for the construction of gauged supergravity theories, as we will 
discuss in the next section. We will always use the second-order formalism 
so that the H-connection Q^ will not be an independent field. 

Since these new gauge transformations involve the isometry group they 
must act on the group element V as a subgroup of G. Hence the covariant 
derivative of V is now changed by the addition of the corresponding (dy- 
namical) gauge fields which take their values in the corresponding Lie 
algebra (which is a subalgebra of the Lie algebra associated with G) . Hence, 



where we have introduced a coupling constant g to keep track of the new 
terms introduced by the gauging. With this change, the expressions for 
and V^i will change. They remain cxprcsscd by (4.51), but the derivative is 
now covariantizcd and modified by the terms depending on the new gauge 
fields Afj^. The consistency of this procedure is obvious as (4.51) is fully 
covariant. Of course, the original rigid invariance under G transformations 
from the left is now broken by the embedding of the new gauge group into 



The modifications caused by the new minimal couplings are minor and 
the effects can be concisely summarized by the Cartan-Maurer equations. 



Diy{x) = di,V{x) - V{x) Q^(x) -gA^{x)V{x) 



(4.56) 



G. 



Jh 




(4.57) 
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Because Q^ and V^i now depend on the gauge connections A^, according to 

Q, = - 9[V-^A,V]n , V, = Vf^ 9[V-^A,V]g/^ • (4.58) 

Whcn imposing a gauge condition, the last result for exhibits precisely 
the KilUng vectors (4.36) (in the gauge where V equals the coset represen- 
tative). When gauging isometries in a generic nonhnear sigma model (c/. 
(4.55)), onc rcplaccs the derivatives according to d^cj) — > d^(jf — A^£^^{(j)), 
where for simphcity we assumed a single isometry. The modifications in the 
matter sector arise through the order g contributions to Note that V^i 
and Q^ are invariant under the new gauge group (but transform under local 
H-transformations, as before). In the next subsection we will discuss the 
apphcation of this formulation to gauged supergravity. 

5 Gauged maximal supergravity in 4 and 5 dimen- 
sions 

The maximally cxtcndcd supergravity theories introduced in chapter 3 were 
obtained by dimensional reduction from 11-dimcnsional supergravity on a 
hypertorus. In these theories the scalar fields parametrize a G/H coset 
space (c/, table 12) and the group G is also realized as a symmetry of 
the full theory. Gcncrically the fields transform as foUows. Tlic graviton 
is invariant, the (abclian) gauge fields transform linear ly under G and the 
fermions transform linear ly under the group H. However, in some dimensions 
the G-invariance is not realized at the level of the action, but at the level 
of the combined field equations and Bianchi identities. For example, in 4 
dimensions the 28 abelian vcctor fields do not constitutc a rcprcsentation 
of the group Ey^y) . In this case the group G is realized by electric-magnetic 
duality and acts on the field strengths, rather than on the vector fields. We 
return to electric-magnetic duality in section 5.3. 

It is an obvious question whcthcr these theories allow an extension in 
which the abelian gauge fields are promoted to nonabelian ones. This turns 
out to be possible and the corresponding theories are known as gauged 
supergravities. They contain an extra parameter g, which is the gauge 
coupling constant. Supersymmetry requires the presence of extra terms of 
order g and g^ in the Lagrangian. Apart from the gauge field interactions 
there are fermionic masslike terms of order g and a scalar potential of order 
g"^. The latter may give rise to groundstates with nonzero cosmological 
constant. To explain the construction of gauged supergravity theories, we 
concentrate on the maximal gauged supergravities in Z) = 4 and 5 spacetime 
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SU(8) 


1 


8 


1 


56 


28 + 28 


^7(7) 


1 


1 


56 


1 


56 


USp(8) 


1 


8 


1 


48 


27 + 27 


^6(6) 


1 


1 


27 


1 


27 + 27 



Table 16: Representation assignments for the various supergravity fields with re- 
spect to the groups G and H. In £> = 4 dimensions these groups arc £7(7) and 
SU(8), respectively. In £) = 5 dimensions they are E6(6) and USp(8). Note that the 
tensors 0^,^ and/or 7-1^,^ denote the field strengths of the vector fields and/or 
(for D = 5) possible tensor fields. 

dimensions. An obvious gauging in D = 4 dimensions is based on the 
group S0(8), as the Lagrangian has a manifest S0(8) invariance and there 
are precisely 28 vector fields [63]. This gauging has an obvious Kaluza- 
Klein origin, and arises when compactifying seven coordinates of D = 11 
supergravity on the sphere S"^ , which has an S0(8) isometry group. The 
group emerges as the gaugc group of the compactified theory formulated in 
4 dimensions. In this theory the £7(7) invariance group is broken to a local 
S0(8) group so that the resulting theory is invariant under SU(8)iocai x 
S0(8)iocai- In this compactification the four-index field strcngth acquires a 
nonzero valucs when all its indiccs arc in the four-dimcnsional spacetime. 
However, it turns out that many other subgroups of £7(7) can be gauged. 

In D = 5 dimensions the possible gaugings are not immediately clear, 
as there is no obvious 27-dimcnsional gauge group. Again the Kaluza-Klein 
scenario can serve as a guidc. Whilc D = 11 supergravity has no obvious 
compactification to five dimensions, type-IIB supergravity has a compact- 
ification on the sphere S^. In this solution the five-index (self-dual) field 
strength acquires a nonzero value whenever the five indices take all values 
in either or in the fivc-dimensional spacetime. Type-IIB supergravity has 
a manifest SL(2) invariance and the isometry group of is S0(6), so that 
the symmetry group of the Lagrangian equals the SL(2) x S0(6) subgroup 
of E5(-(5) , where S0(6) is realized as a local gauge group. This implies that 15 
of the 27 gauge fields become associated with the nonabelian group S0(6), 
which leaves 12 abelian gauge fields which are charged with respect to the 
same group. This poses an obvious problem, as the abelian gauge trans- 
formations of these 12 fields will be in conflict with their transformations 
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under the S0(6) gauge group. The solutions is to convert these 12 gauge 
fields to antisymmetric tensor fields. The Lagrangian can thus be written 
in a form that is invariant under USp(8)iocai x S0(6)iocai x SL(2) [29]. Also 
in 5 dimensions other gauge groups are possible. We will briefly comment 
on this issue at the end of the chapter. 

Before continuing with supergravity we first discuss some basic features 
of the two coset spaces E7(-7-)/SU(8) and Eg(g)/USp(8). Both these excep- 
tional Lie groups can be introduced in terms of 56-dimensional matrices.^^ 



5.1 On E7(7)/SU(8) and E6(6)/USp(8) cosets 

We discuss the £7(7) and Eg(g) on a par for reasons that will become obvious. 
To define the groups we consider the fundamental representation, acting on 
a pseudoreal vector {zjj, z^^) with z^"^ = (zjj)*, where the indices are anti- 
symmetrized index pairs [IJ] and [KL] and I, J, K, L = 1, ... ,8. Hence the 
{zjj,z^^) span a 56-dimensional vector space. Consider now infinitesimal 
transformations of the form, 

SZIJ = Ai/^ ZKL + ^IJKLZ^^ , 

6z'' = A^V^^^ + S^^^^^i^L. (5.1) 

where Ajj^^ and ^ijkl are subject to the conditions 

{Aif^r = A'' KL = -Akl'' , {^ijklT = S^^^-^ . (5.2) 

The corresponding group elements constitute the group Sp(56; R) in a pseu- 
doreal basis. This group is the group of electric-magnetic dualities of maxi- 

mal supergravity in iD = 4 dimensions. The matriccs Ajj^^ are associated 
with its maximal compact subgroup, which is equal to U (28). The defining 
properties of elements E of Sp(56; R) are 

E*=u;Elo, E-^ = nE^n, (5.3) 

where co and Q are given by 

The above properties ensure that the sequilinear form, 

izi,Z2) = zf-' Z21J - zuj 4"^ , (5.5) 
^^Strictly speaking the isotropy groups are SU(8)/Z2 and USp(8)/Z2. 
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is invariant. In passing we note that the real subgroup (in this pseudoreal 
representation) is equal to the group GL(28). 

Let us now consider the £7(7) subgroup, for which the Yi^J^^ ig fully 
antisymmetric and the generators are further restricted according to 

A//" = 4f A.]^l, A/ = -A^., 

W = O , ^IJKL = ^^IJKLMNPg T,^^^'^ . (5.6) 

Obviously the matrices A/ generate the group SU(8), which has dimension 
63; since Tijjkl comprise 70 real parameters, the dimension of £7(7-) equals 
63+70 = 133. Because SU(8) is the maximal compact subgroup, the number 
of the noncompact generators minus the number of compact ones is equal 
to 70 — 63 = 7. It is straightforward to show that thesc matrices close under 
commutation and generate the group £7(7). To show this one needs a variety 
of identities for selfdual tensors [64]; one of them is that the contraction 
^IKLM^-'^^^ is traceless. 

However, £7(7^ has anothcr maximal 63-dimensional subgroup, which is 
not compact. This is the group SL(8). It is possible to choose conventions 
in which the £7^7) matrices have a different block decomposition than (5.1) 
and where the diagonal blocks correspond to the group SL(8), rather than to 
SU(8). We note that the subgroup generated by (5.6) with Kf' and S^-^^^ 
real, dcfincs the group SL(8;R). 

The group £7(7) has a quartic invariant, 

Uz) = zjjz'^'zKLz''' - \{zijz''f (5.7) 



+1. 

^96 



JJ ^KLMN PQ , JJKLMNPQ ^ ^ ^ ^ ' 
£IJKLMNPQ Z Z Z Z ^ + £ ^ ZijZkLZMNZPQ 



which, however, plays no role in the following. For further Information the 

reader is encouraged to read the appendices of [53]. 

Another subgroup is the group Eg^g) , for which the restrictions are rather 
similar. Here one introduces a skew-symmetric tensor satisfying 



njj = -nji, {nijy = n'\ niKn""' = -6i . (5.8) 

Now we restrict oursclvcs to the subgroup of U(8) that Icavcs Qjj invariant. 
This is the group USp(8). The other restrictions on the generators concern 
^IJKL- Altogether we have the conditions, 

A,/^ = 5[f A,]^l, A/ = -A^,, 
A[/^J^j]K = 0, f^jjS^^^^ = 0, 

'^IJKL = ^IM ^JN ^KP ^LQ T.^^^^ . (5.9) 
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The m£iximal compact subgroup USp(8) thus has dimension 64 — 28 = 36, 
while there are 70 — 28 = 42 generators associated with Tijjkl- Altogether 
we thus have 36 + 42 = 78 generators, while the difference between the 
numbers of noncompact and compact generators equals 42 — 36 = 6. These 
numbers confirm that we are indeed deahng with Eg^g) and its maximal com- 
pact subgroup USp(8). Because of the constraints (5.9) the 56-dimensional 
representation defined by (5.1) is rcducible and decomposes into two singlets 
and a 27 and a 27 representation. To see this we observe that the fohowing 
restrictions are preserved by the group, 

nijz^-^ = O , zij = ±niK^jLZ^^ . (5.10) 

The first one suppresses the singlet representation and the second one projects 
out the 27 or the 27 representation. 

The group Eg^g) has a cubic invariant, defined by 

Jsiz) = /-^z^^z^^ njKnLM^m , (5.11) 

which plays a role in the Eg(g) invariant Chern-Simons term in the super- 
gravity Lagrangian. 

There is another maximal subgroup of Eg(-g-), which is noncompact, that 
will be relevant in the following. This is the group SL(6) x SL(2), which 
has dimension 35 + 3 = 38, and which plays a role in many of the known 
gaugings, where the gauge group is embedded into the group SL(6), so that 
SL(2) remains as a rigid invariance group of the Lagrangian. 

5.2 On ungauged mciximal supergravity Lagrangians 

An important feature of pure extended supergravity theories is that the 
spinless fields take their values in a homogeneous target space (c/, table 12, 
where we have listed these spaces) . Because the spinless fields always appear 
in nonpolynomial form, it is vital to exploit the cosct structure explained in 
the previous section in the construction of the supersymmetric action and 
transformation rules, as well as in the gauging. We will not be complete 
here but sketch a number of features of the maximal supergravity theories 
in D = 4, 5 where the coset structure plays an important role. We will be 
rather cavalier about numerical factors, spinor conventions, etcetera. In this 
way we will, hopefully, be able to bring out the main features of the G/H 
structure, without getting entangled in issues that depend on the spacetime 
dimension. For those and other details we refer to the original literature 
[63, 29]. 
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One starts by introducing a so-called 56-bein V(x), which is a 56 x 
56 matrix that belongs to the group £7(7) or E6(6), depending on whether 

we are in L' = 4, or 5 dimensions. A coset representative is obtained by 
exponentiation of the generators defined in (5.1). Schematically, 

/ O E(x)\ 
Vix) = exp , (5.12) 

Vs(x) o J 

where the rank-4 antisymmetric tensor E satisfies the algebraic restrictions 
appropriate for the cxceptional group. As explaincd in the prcvious scction, 
the 56-bein is reducible for Eg^g^, but we wih use the reducible version in 
order to discuss the two theories on a par. Our notation wih be based 
on a description in terms of right cosets, just as in the previous sections, 
which may differ from the notations used in the original references where one 
sometimes uses left cosets. Hcncc, we assume that the 56-bein transforms 
under the exceptional group from the left and under the local SU(8) (or 
USp(8)) from the right. The 56-bein can be decomposed in block form 
according to 

/ u'^ij{x) -Vkiij{x) \ 
V{x) = , (5.13) 

\-v'^^^{x) «w^^(x)/ 

with the usual conventions u^^ij = (ui/-^)* and %7j = {v'^^^'^)*. Observe 
that the indices of the matrix are antisymmetrized index pairs [IJ] and [i j] . 
In the above the row indices are ([/J], [KL]), and the column indices are 
{[ij],[kl]). The latter are the indices associated with the local SU(8) or 
USp(8). The notation of the submatrices is chosen such as to make contact 
with [63], where left cosets were chosen, upon interchanging V and V~^. 
Observe also that (5.12) is a coset representative, i. e. we havc fixcd the 
gauge with respect to local SU(8) or USp(8), whereas in (5.13) gauge fixing 
is not assumed. According to (5.3) the inverse V""*^ can be expressed in 
terms of the compIex conjugates of the submatrices of V, 

(Ui/\x) VijKL{x) \ 
(5.14) 

ConsequentIy we derive the identities, for E7(7) , 

u'^ijuj' -v^^'^vkuj = 5%, 

u'^ijv''^^-^ -v'^^^ u'^^ij = O, (5.15) 
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or, conversely, 

U IjU-ij —VijljV — 0^^, 

u'^IjVijKL- Vijlju'^KL = 0. (5.16) 

The corresponding equations for Eg(g) are identical, except that the antisym- 
metrized Kronecker symbols on the right-hand sides are replaced according 
to 

4 - 4 - ln,i n'^ , S'A - ^KL - \^KL n'' . (5.i7) 

Furthermore the matrices u and v vanish when contracted with the invariant 
tensor Cl and they are pseudoreal, e. g., 

Ui/'^nij = O , nif'-niK^jL = nik^flu^^ij , (5.18) 

with similar identities for the v''^^'^ . In this case the (pseudoreal) matrices 
n'^/j ib O, IX i;*-?-^^ and their complex conjugates define (irreducible) el- 
ements of Eg(g) corresponding to the 27 and 27 representations. We note 
the identity 

(5.19) 

In this case we can thus decompose the 56-bein in terms of a 27-bein and a 
27-bcin. 

Subsequently we evaluate the quantities Q^ and V^,, 



I n . ynn -p . . \ 



(5.20) 



P1 . 



which leads to the expressions, 

pijkl ^ v'^''d^,u^\j-u'^ijd^,v^"' . (5.21) 

The important observation is that Q^i/' and V]^'^^ are subject to the same 
constraints as the generators of the exceptional group Hstcd in the previ- 
ous section. Hence, J>'^^^^ is fuUy antisymmetric and subject to a reahty 
constraint. Therefore it transforms according to the 70-dimensional repre- 
sentation of SU(8), with the reahty condition, 

-pijfci _ J_ ijklmnpq 'T) ('c 99^ 

/i — 24 fj,mnpq J yo.^^j 
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or, to the 42-dimensional representation of USp(8), with the reality condi- 
tion, 

jyijkl ^ ^im^jn^kp^lg p^^^^^^^^ ^ (5.23) 

Likcwise Q^ transforms as a connection associatcd with SU(8) or USp(8), 
respectively. Hence Q^iij^^ must satisfy the decomposition, 

= 5l Q,^f , (5.24) 

so that Qij,^ equals 

Q^ci = i [uik'^ d^u^\j - Vikij d^v^^'^] . (5.25) 

Because of the underlying Lie algebra the connections Qju/ satisfy = 
— Qfj.j^ and Q^j* = O, as well as an extra symmetry condition in the case of 
USp(8) (cf. (5.9)). 

Purthermore we can evaluate the Maurer-Cartan equations (4.52), 

= V^'' + 2Q[^JP^fl"^ = 0. (5.26) 

Obscrvc that the use of the Lie algebra decomposition for G/H is crucial 
in deriving thesc equations. Sucli dccompositions are an important tool for 
dealing with the spinless fields in this nonhnear setting. Before fixing a 
gauge, we can avoid the nonhnearities completely and carry out the calcu- 
lations in a transparent way. Fixing the gauge prematurely and converting 
to a specific coset representative for G/H would lead to unsurmountable 
difficulties. 

Continuing along similar hnes we turn to a number of other features that 
are of interest for the Lagrangian and transformation rules. The first one 
is the observation that any variation of the 56-bein can be written, up to a 
local H-transformation, as 

W = V(° J), (5.27) 

or, in terms of submatrices, 

Sui/-^ = -T^ijkl v^^^^ , 5vijij = -T^ijki u'^^ij . (5.28) 

where S'-''^' is the rank-four antisymmetric tensor corresponding to the gen- 
erators associated with G/H {i. e., the generators denoted by k in the pre- 
vious chapter). Because E takes the form of an H-covariant tensor, the 
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variation (5.28) is consistent with both groups G and H. Under this varia- 
tion the quantities and Vfj, transform systematically, 

§pijki ^ D^T.'^^^ = d^j:'^^^ + 2Q^ J'S^'^'l™ . (5.29) 

Observe that this establishes that Q^ and can be assigned to the adjoint 
representation of the group G, as is already obvious from the decomposition 
(5.20). 

As was stressed above, any variation of V can be decomposed into (5.27), 
up to a locai H-transformation. In particular this applies to supersymmetry 
transformations. The supersymmetry variation can be written in the form 
(5.27), where S is an H-covariant expression proportional to the supersym- 
metry parameter e* and the fermion fields ')^^^. Hence it must bc of the form 
■^tjki ^ ib^jki]^ ^Q complex conjugation and possible contractions with 
H-covariant tensors, Furthermore S must satisfy the restrictions associated 
with the exceptional group, i.e. (5.6) or (5.9). 

The supersymmetry variation of the spinor x^'^^ contains the quantity 
V^^^^ which incorporates the spacetime derivatives of the spinless fields, so 
that up to proportionality constants we must have a variation, 

Sx'^^ oc V'^''^ -f^ei . (5.30) 

The verification of the supersymmetry algebra on V is rather easy. Under 
two consecutive (field-dependent) variations (5.28) apphed in different orders 
on the 56-bein, we have 



/ O 

[Si,S2]V = V 



2 6[iT.2] 





(5.31) 



The last term is just an infinitesimal H-transformations. For the first term 
we note that (5iS2 leads to a term proportional to "PJi^*^', combined with two 

supersymmetry parameters, ei and €2, of the form (e^ 7^e2m)7'f'l". Taking 
into account the various H-covariant combinations in the actual expressions 
implied by (5.6) or (5.9), respectively, this contribution can be written in 
the form 

[6uS2]V^{e\re2i-elj^eu)V ^^'^^ . (5.32) 

This is precisely a spacetime diffeomorphism, up to a local H-transformation 
proportional to as follows from (5.20). Hence up to a number of field- 
dependent H-transformations, the supersymmetry commutator closes on V 
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into a spacetime diffeomorphism (up to terms of higher-order in the spinors 
that we suppressed). 

Let us now turn to thc action. Apart from higher-order spinor terms, 
the terms in the Lagrangian pertaining to the graviton, gravitini, spinors 
and scalars take the following form, 



12^ ' 



PJ 



ijkl 



-k^XijkYr^.irf' . (5.33) 

This Lagrangian is manifestly invariant with respect to £7(7) or E6(6)- Here 
we distinguish the Einstein-Hilbert term for gravity, the Rarita-Schwinger 

Lagrangian for the gravitini, the Dirac Lagrangian and thc nonhnear sigma 
model associated with the G/H target space. The last term represents the 
Noether couphng term for the spin-O/spin-^ system. For D = 4 the fermion 
fields are chiral spinors and we have to add the contributions from the spinors 
of opposite chirahty; for L' = 5 we are dcahng with so-cahed symplectic 
Majorana spinors. Here we disregard such details and concentrate on the 
symmetry issues. 

The vector fields bring in new features, which are different for space- 
time dimensions D = 4 and 5. In D = 5 dimensions the vector fields BJ,"^ 

H' 

transform as the 27 representation of Eg(g) , so that they satisfy the reality 
constraint -B^^/j = ^jk^jl Bjf^ , and the Lagrangian is manifestly invari- 
ant under the corresponding transformations. It is impossible to construct 
an invariant action just for the vector fields and one has to make use of the 
scalars, which can be written in terms of the 27-beine, u^^jj + v^^^^Q,jkQ,jl, 
and which can be used to convert Eg(g) to USp(8) indices. Hence we define 
a USp(8) covariant field strength for the vector fields, equal to 

^% = ( - v'''''^niKnjL){d^Bi' - d^Bl') . (5.34) 

The invariant Lagrangian of the vector fields then reads, 

+leF%0^, (5.35) 

where we distinguish the kinetic term, a Chern-Simons interaction associ- 
ated with the Eg(g) cubic invariant (5.11) and a moment coupling with the 
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fermions. Here O^j denotes a covariant tensor antisymmetric in both space- 
time and USp(8) indiccs and quadratic in thc fcrmion fields, and x*'''^- 
Observc that thc dcpcndence on the spinlcss fields is completely implicit. 
Any additional dependence would afFect tlic invariance under £0(6) • The 
result obtained by combining the Lagrangians (5.33) and (5.35) gives the 
fuU supergravity Lagrangian invariant under rigid E6(g) and local USp(8) 
transformations, up to terms quartic in the fermion fields. We continue the 
discussion of the D = A theory in the next section, as this requires to first 
introduce the concept of electric-magnetic duality. 

5.3 Electric-magnetic duality and £7(7) 

For D = A the Lagrangian is not invariant under £7(7) but under a smaller 
group, which acts on the vector fields (but not necessarily on the 56-bcin) 
according to a 28-dimensional subgroup of GL(28). However, the combincd 
equations of motion and the Bianchi identities are invariant under the group 
E7(7). This situation is typical for D = 4 theories with abelian vector fields, 
where the symmctry group of ficld equations and Bianchi identities can 
be bigger than that of the Lagrangian, and where different Lagrangians 
not related by local field redefinitions, can lead to an equivalent set of field 
equations and Bianchi identities. However, the phenomenon is not restricted 
to 4 dimensions and can occur for antisymmetric tensor gauge fields in any 
even number of spacetime dimensions (see, e. g., [52]). The 4-dimensional 
version has been known for a long time and is commonly referred to as 
electric-magnetic duality (for a recent review of this duality in supergravity, 
see, e. g., [51]). Its simplcst form ariscs in Maxwell theory in four-dimensional 
(flat or curved) Minkowski space, where one can perform (Hodge) duality 
rotations, which commute with the Lorentz group and rotate the electric 
and magnetic fields and inductions according to E H and B D. 

This duality can be gencralizcd to any D = A dimensional field theory 
with abelian vector fields and no charged fields, so that the gauge fields en- 
ter the Lagrangian only through their (abelian) field strengths. These field 
strengths (in the case at hand we have 28 of them, labelled by antisym- 
metric index pairs [/J], but for the moment wc will remain more general 
and label the field strengths by a,/?, . . .) are decomposed into selfdual and 
anti-selfdual components (which, in Minkowski space, are related by 
complex conjugation) and so are the field strengths G^^,^ that appear in the 
field equations, which are defined by 
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Together and G^^^ comprise the electric and magnetic fields and in- 
ductions. The Bianchi identities and equations of motion for the abehan 
gauge fields take the form 

d^{F+ - F-)l, = d''{G+ - G-)^,a = 0, (5.37) 

which are obviously invariant under real, constant, rotations of the field 
strengths F"^ and G"^, 



(5.38) 



where W^, V£ , W^p and Z"^ are constant, real, n x n submatrices and n 
denotcs the mimber of independent gauge potentials. In = 8 supergravity 
we have 56 such field strengths of each duality, so that the rotation is asso- 
ciated with a 56 x 56 matrix. The relevant question is whether the rotated 
equations (5.37) can again follow from a Lagrangian. More precisely, does 
there exist a new Lagrangian depending on the new, rotated, field strengths, 
such that the new tensors G^i, follow from this Lagrangian as in (5.36). This 
condition amounts to an integrability condition, which can only have a solu- 
tion (for generic Lagrangians) provided that the matrix is an element of the 
group Sp(2n; R).^^ This implies that the submatrices satisfy the constraint 

U^V - W^Z = VU^ - WZ^ = 1 , 

U^W = W^U , Z'^V = V'^Z . (5.39) 

We distinguish two subgroups of Sp(2n; R). One is the invariance group of 
the combined field equations and Bianchi identities, which usually requires 
the other fields in the Lagrangian to transform as well. Of course, a generic 
theory does not have such an invariance group, but maximal supergravity 
is known to have an £7(7) C Sp(56; R) invariance. However, this invariance 

^^Without any further assumptions, one can show that in Minkowski spaces of dimen- 
sions D = 4fc, the rotations of the field equations and Bianclii identities associated witli 
n rank-(fe — 1) antisymmctric gauge fields that are described by a Lagrangian, constitute 
the group Sp(2n;R). For rank-fe antisymmetric gauge fields in Z) = 2fc + 2 dimensions, 
this group equals SO(n, n; R). Observe that these groups do not constitute an invariance 
of the theory, but merely characterize an equivalence class of Lagrangians. The fact that 
the symplcctic redefinitions of the field strengths constitute the group Sp(2n; R) was first 
derived in [65], but in the context of a duality invariance rather than of a reparametriza- 
tion. In this respect our presentation is more in the spirit of a later treatment in [66] for 
N — 2 vector multiplets coupled to supergravity (duality invariances for these theories 
were introduced in [67]). 
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group is not necessarily realized as a symmetry of the Lagrangian. The 
subgroup that is a symmetry of the Lagrangian, is usually smallcr and re- 
stricted hj Z = O and U^^ = V'^; the subgroup associated with the matrices 
U equals GL(n). Furthermore the Lagrangian is not uniquely defined (it can 
always be reparametrized via an electric-magnetic duahty transformation) 
and neither is its invariance group. More precisely, there exist different 
Lagrangians with different symmetry groups, whose Bianchi identities and 
equations of motion are the same (modulo a hnear transformation) and are 
invariant under the same group (which contains the symmetry groups of the 
various Lagrangians as subgroups). These issues are cxtrcmcly important 
when gauging a subgroup of the invariance group, as this rcquircs the gauge 
group to be contained in the invariance group of the Lagrangian. 

Given the fact that we can rotate the field strengths by electric-magnetic 
duahty transformations, we assign different indices to the field strengths and 
the underlying gauge groups than to the 56-bein V. Namely, we label the 
fields strengths by independent index pairs [AB], which are related to the 
index pairs [IJ] of the 56-bein (c/. (5.13)) in a way that we will discuss 
below. Furthermore, to remain in the context of the pseudoreal basis used 
previously, we form the linear combinations, 

AB = 5 ^^i/ AB + ^^if'^) ' ^t^v^ = 5 AB ~ ^^if^) ■ (5.40) 

Anti-selfdual field strengths {^l^^■,^2^lvAB) follow from complex conjuga- 
tion. On this basis the field strengths rotate under Sp(56; R) according to 
the matrices E specified in (5.3); the real GL(28) subgroup is induced by 
corresponding linear transformations of the vector fields. 

To exhibit how one can deal with a continuous variety of Lagrangians, 
which are manifestly invariant under different subgroups of £7(7) , let us 
remembcr that the tcnsors and G^^ab are related by (5.36) and this 

relationship must be consistent with £7^7). In order to establish this con- 
sistency, the 56-bein plays a crucial role. The relation involves a constant 
Sp(56;R) matrix E (so that it satisfies the conditions (5.3)), 

U//^ MijCD 



yKLAB yjKL 



(5.41) 



CD , 



On the basis of £7(7) and SU(8) covariance, the relation among the field 
strengths must have the form. 




flV'lJ 



(5.42) 
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where O^j, is an SU(8) covariant tensor quadratic in the fermion fields and 
indcpendent of the scalar fields, which appears in the momcnt couphngs in 
the Lagrangian. Without going into the details we mention that the chiraUty 
and duahty of is severely restricted so that the structure of (5.42) is 
unique (c/. [63]). The tensor F^^j^ is an SU(8) covariant field strength that 
appears in the supcrsymmetry transformation rules of the spinors, which is 
simply dcfincd by the above condition. 

Hence the matrix E allows the field strengths and the 56-bein to trans- 
form under £7(7) in an equivalent but nonidentical way. One could consider 
absorbing this matrix into the definition of the field strengths (Fi, F2), but 
such a redefinition cannot be carried out at the level of the Lagrangian, 
unless it belongs to a GL(28) subgroup which can act on the gauge fields 
themselves. In the basis (5.3) the generators of GL(28) have a block de- 
composition with SO(28) generators in both diagonal blocks and identical 
real, symmetric, 28 x 28 matrices in the off-diagonal blocks. On the other 
hand, when E G ^7(7), it can be absorbed into the 56-bein V. The various 
Lagrangians are thus encoded in Sp(56; R) matrices E, up to multiplication 
by GL(28) from the right and multiplication by Ey^y^ from the left, i. e. in 
elements of E7(7)\Sp(56; R)/GL(28). 

From (5.42) one can straightforwardly determine the relevant terms in 
the Lagrangian. For convenience, we redefine the 56-bein by absorbing the 
matrix E, 



where we have to remember that V is now no longer a group element of 



the matrix E and have identical expressions in terms of V and V. This is 
not the case for the terms in the Lagrangian that contain the abelian field 
strengths. 




(5.43) 



E7(7). Note, however, that the £7(7) tensor s and are not affected by 



F, 




(5.44) 



and which take the form. 



^3 = -g 




CD - V' 




+ h.c. 



(5.45) 
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where the 28 x 28 matrices satisfy [{u + v)" V^ij {u%d + v'^*^^) = 
The SU(8) covariant field strength F^^^^^- will appear in the supersymmetry 
transformation rules for the fermions, and is equal to 

= {u'^AB + v'^^^) F+ , . - («/^ + v.^ab) . (5.46) 

Clearly the Lagrangian depends on the matrix E. Because the matrix E~^V 
is an element of Sp(56; R), the matrix multiplying the two field strengths in 
(5.45) is symmctric undcr the interchange of \AB\ ^ [CD].'^^ 

In order that the Lagrangian be invariant under a certain subgroup of 
£7(7), one has to make a certain choice for the matrix E. According to the 
analysis leading to (5.38) and (5.39), this subgroup is generated on V by 
matrices A and S, just as in (5.1), but with indices A, B,..., rather than 
with I, J,..., satisfying 

Im [^ABCD + Aab^"") = O . (5.47) 

In order to bc a subgroup of Ey^y) as well, they must also satisfy (5.6), 
but only after a proper conversion of the I,J, . . . to A,B, . . . indices. The 
gauge fields transform under the real subgroup (i. e., the imaginary parts of 
the generators act exclusively on the 56-bein). A large variety of symmetry 
groups exists, as one can deduce from the symmetry groups that arc real- 
ized in maximal supergravity in higher dimcnsions. One such group whose 
existence can be directly inferred in this way, is Egj-g) x S0(1, 1). 

5.4 Gauging mcLximal supergravity; the T-tensor 

The gauging of supergravity is effected by switching on the gauge coupling 
constant, after assigning the various fields to representations of the gauge 
group embedded in £7^7) or £5(6). Only the gauge fields themselves and the 
spinless fields can transform under this gauge group. Hence the abelian field 
strengths are changed to nonabelian ones and derivatives of the scalars are 
covariantized according to 

d^V ^ d^V - gAf TabV , (5.48) 

where the gauge group generators Tab are 56 x 56 matrices which span 
a subalgebra of dimension equal to at most the number of vector fields, 

^''Such symmetry properties follow from the symmetry under interchanging index pairs 
in the products (u^^ab - v'^^'') {u'^^ab + and {u'^ab + w*^'^^) {uif° + Vijco). 
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embedded in the Lie algebra of £7(7-) or £5(6) ■ The structure constants of 
the gauge group are given by 

[Tab ,Tcd] = fAB,CD^ Tef ■ (5.49) 

It turns out that the viabihty for a gauging depends sensitively on the choice 
of the gauge group and its corresponding embedding. This aspect is most 
nontrivial for the D = A thcory, in vicw of clcctric-magnctic duality. Thcrc- 
fore, we will mainly conccntratc on this thcory. In D = 4 dimensions, one 
must start from a Lagrangian that is symmetric under the desired gauge 
group, which requires one to make a suitable choice of the matrix E. In 
D = 5 dimensions, the Lagrangian is manifestly symmetric under EQ(g), so 
this subtlcty docs not arisc. Whcn effecting the gauging the vector ficlds 
may decompose into those associated with the nonabelian gauge group and 
a number of remaining gauge fields. When the latter are charged under the 
gauge group, then there is a potential obstruction to the gauging as the 
gauge invariance of these gauge fields cannot coexist with the nonabelian 
gauge transformations. However, in D = 5 this obstruction can be avoided, 
because (charged) vector fields can alternatively be described as antisym- 
metric rank-2 tensor fields. For instance, the gauging of SO{p, 6— p) involves 
15 nonabelian gauge fields and 12 antisymmetric tensor fields. The latter 
can transform under the gauge group, because they are not realized as ten- 
sor gauge fields. Typically this conversion of vector into tensor fields leads 
to terms that are inversely proportional to the gauge coupling [68]. How- 
ever, to write down a corresponding Lagrangian requires an even number of 
tensor fields. 

Introducing the gauging leads directly to a loss of supersymmetry, be- 
cause the new terms in the Lagrangian lead to new variations. For conve- 
nience we now restrict ourselves to -D = 4 dimensions. The leading variations 
are induced by the modification (5.48) of the Cartan-Maurer equations. This 
modification was already noted in (4.57) and takes the form 



Di,Vf^ = -hF^^J'vf^, (5.50) 



where 



-nijkl _ 1 „ 

/ QABi]^^ 'PABijpq\ 

V-^TabV 



(5.51) 

V Vf^^ Qab%J 
These modifications are the result of the implicit dependence of Q^ and 
on the vector potentials The fact that the matrices Tab generate a 
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subalgebra of the algebra associated with £7(7) , in the basis appropriate for 
V, implies that the quantities Qab and Vab satisfy the constraints, 

^ijkl _ J_ ijklmnpg -p 

r AB — 24 ABmnpq j 

QABij'' = S^H^ABjf, (5.52) 



while Gab^ is antihermitean and traceless. It is straightforward to write 
down the exphcit expressions for Qab and Vab, 

QABi = i [uik"^ (Aabu^^j) - Vikij {Aabv^''^'^)] , 

VfJ = v'^'' {Aabv!''ij)-u''ij{Aabv'''''). (5.53) 

where Aabu and Aabv indicate the change of submatrices in V induced by 
multiplication with the generator Tab- Note that we could have expressed 
the above quantities in terms of the modified 56-bein V, on which the £7(7) 
transformations act in the basis tliat is appropriate for the field strengths, 
provided we change the generators Tab into 

fAB = ^-^TAB^. (5.54) 

This is done below. 

When estabhshing supersymmetry of the action one needs the Cartan- 
Maurer equations at an early stage to cancel variations from the gravitino 
kinetic terms and the Noether term (the term in the Lagrangian proportional 
to xV'//^i^)- The order-g' terms in the Maurer-Cartan equation yield the 
leading variations of the Lagrangian. They are hnearly proportional to the 
fermion fields and read, 

5C = iff(e,-7V'^^^-6-W>,,)QABi^(u^B + ^^''^^)F+,, 

+ ^. VABmnp, {u'^AB + «^^^^) F+ 

+ h.c. (5.55) 

The first variation is proportional to an SU(8) tensor T^^\ which is known 
as the T-tensor, 



'u.rrF'' {AabU^'^Cd) " V.^CD (A^B^^^™^^) {u^'aB + v"'^''^ 



Tt' = iGABiHu'^AB + v"'^^) (5.56) 



where Aabu and Aabv are the submatrices of TabV- Another component 
of the T-tensor appcars in the second variation and is equal to 

ijkl = 2'^ABijkl{u AB+V ) (5.57) 



V^JCD {AABUkf'') - Uif^'iAABVklCD) {u''''\b + v"'''^^) 
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The T-tensor is thus a cubic product of the 56-bein V which depends in a 
nontrivial way on the embedding of the gauge group into £7(7^ . It satisfics a 
number of important properties. Some of them are rather obvious (such as 
T--''^ = 0), and follow rather straightforwardly from the definition. We wih 
concentrate on properties which are perhaps less obvious. Apart from the 
distinction between V and V, which is a special feature of D = 4 dimensions, 
these properties arc gcncric. 

First we observe that SU(8) covariantized variations of the T-tensor are 
again proportional to the T-tensor. These variations are induced by (5.27) 
and (5.28). Along the same hnes as before we can show that the SU(8) 
tensors Qab and Vab transform in the adjoint representation of £7^7), which 
allows one to dcrivc, 

trrpjkl •yjmnp rpkl ]^ jmnpgrst -y rpkl , •yklmn rpj 

Xrpmn _ 4 v rppmn 1 sprantu rppqrs /j- 

"-'-ijkl — 3^p[ijk-'-l] - 24^ijklpqrs ^ J-tu ■ (,0.05J 

This shows that the SU(8) covariant T-tensors can be assigncd to a repre- 
sentation of £7(7) . This property will play an important rolc bclow. 

Before completing the analysis leading to a consistent gauging we stress 
that all variations are from now on expressed in terms of the T-tensor, as 
its variations yicld again tlic same tensor. This includes the SU(8) covari- 
ant derivativc of the T-tensor, which follows directly from (5.58) upon the 
substitutions 6 — > T*^ and S — > P^. A viable gauging requires that the 
T-tensor satisfies a number of rather nontrivial identities, as we will discuss 
shortly, but the new terms in the Lagrangian and transformation rules have 
a universal form, irrespective of the gauge group. Lct us first dcscribe these 
new terms. First of all, to cancel the variations (5.55) we need masslike 
terms in the Lagrangian, 

>Cma.slike = 9 e{\^ Au,^ + i^f ^Ii^XM 

^j^ikMn ^..^^^^^ + h.c. } , (5.59) 

whose presence necessitates corresponding modifications of the supersym- 
metry transformations of the fermion fields, 

5g'4^^ = -V25 4^e,-7^, 
Sgx'''' = -2gA2i^^^. (5.60) 
Finally at order one needs a potential for the spinless fields, 

Piy)=g'{UA2r\'-\\A'n'}- (5.61) 
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These last three formulae will always apply, irrespective of the gauge group. 
Note that the tensors A^-^ , A2i^^ and j^^^^^^^ have certain symmetry prop- 
ertics dictated by the way they appear in the Lagrangian (5.59). To be 
specific, Al is symmetric in (ij), A2 is fuhy antisymmetric in \jkl\ and A^ 
is antisymmetric in [ijk] as well as in \lmn\ and symmetric under the in- 
terchange [ijk\ ^ [Imn]. This imphes that these tensors transform under 
SU (8) according to the representations 

Al : 36 , 

A2 : 28 + 420 , 

^3 : 28 + 420 + TT76 + T5T2 . 

The three SU(8) covariant tensors, ^1, A2 and ^3, which depend only 
on the spinless ficlds, must be hnearly related to the T-tensor, because 
they were introduccd for the purposc of canccUing the variations (5.55). 
To see how this can be the case, let us analyze the SU(8) content of the 
T-tensor. As we mentioned akeady, the T-tensor is cubic in the 56-bein, 
and as such is constitutes a certain tensor that transforms under £7(7) . The 
transformation properties were given in (5.58), where we madc use of the fact 
that the T-tensor consists of a product of the fundamental times the adjoint 
representation of £7(7) . Hence the T-tensor comprises the representations, 

56 X 133 = 56 -K 912 + 6480 . (5.62) 

The representations on the right-hand side can be decomposed under the 
action of SU(8), with the result 

56 = 28 -F 28, 
912 = 36 -F 36 -F 420 -F 420, (5.63) 
6480 = 28-F28-F420-F420-M280-fT280-M512-fT5T2. 

Comparing these representations to the SU (8) representations to which the 
tensors Ai — A^ (and their complex conjugates) belong, we note that there 
is a mismatch between (5.63) and (5.62). In view of (5.58) the T-tensor 
must be restricted by suppressing complete representations of £7(7) in order 
that its variations and derivatives remain consistent. This proves that the 
T-tensor cannot contain the entire 6480 representation of £7(7) , so that it 
must consist of the 28 + 36 + 420 representation of SU(8) (and its complex 
conjugate). This impUes that the T-tensor is decomposable into Ai and A2, 
whereas A^ is not an independent tensor and can be expressed in terms of 
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A2. Indeed this was found by explicit calculation, which gave rise to 



rpmn _ _4i:[mrpn] 
■J-ijkl - 3 "[i ^jkl] ' 



Note that these conditions are necessary, but not sufficient as one also nccds 
nontrivial identities quadratic in the T-tensors in order to deal with the 
variations of the Lagrangian of order g^. One then finds that there is yet 
another constraint, which suppresses the 28 representation of the T-tensor, 

Tp'' = O . (5.65) 

Observe that a contraction with the first uppcr index is also equal to zero, 
as fohows from the definition (5.56). Hence the T-tensor transforms under 
E7(7) according to the 912 representation which decomposes into the 36 and 
420 representations of SU(8) and their complex conjugates residing in the 
tensors Ai and A2, respectively, 

4^ = Arf^ A^^ = -lTf''^. (5.66) 

Although we concentrated on the D = 4 theory, we should stress once 
more that many of the above features are generic and apply in other dimen- 
sions. For instance, the unrestricted T-tensors in Z? = 5 and 3 dimensions 
belong to the fohowing representations of £0(6) and Eg^g) , respectively^^ 

D = 5 : 27 X 78 = 27 -h 351 -h 1728, 

D = 3 : 248 X 248 = 1 -F 248 -F 3875 + 27000 + 30380 . (5.67) 

In these cases a succcssful gauging requires the T-tensor to be restricted to 
the 351 and the 1 + 3875 representations, respectively, which decompose 
as follows under the action of USp(8) and S0(16), 

351 = 36 + 315, 
1 -F 3875 = 1 -h 135 -h 1820 -h 1920 . (5.68) 

These representations corrcspond to the tensors Ai and ^42; for I? = 5 
A^ is again dependent whilc for D = 3 there is an independent tensor ^3 
associated with the 1820 representation of S0(16). 

^^The D = 3 theory has initially no vector fields, but those can be included by adding 
Chern-Simons tcrms. These terms lose their topological nature when gauging some of the 
E8(8) isometries [69]. 
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We close with a few comments regarding the various gauge groups that 
have been considered. As we mentioned at the beginning of this chapter, 
the first gaugings were to some extent motivated by corresponding Kaluza- 
Klein compactifications. The 5'' and the [70] compactifications of 11- 
dimensional supergravity and the compactification of IIB supergravity, 
gave rise to the gauge groups S0(8), S0(5) and S0(6), respectively. Non- 
compact gauge groups were initiated in [71] for the 4-dimensional theory; 
for the 5-dimensional theory they were also reahzed in [29] and in [72]. In 
D = S dimensions there is no guidance from Kaluza-Klein compactifications 
and one has to rely on the group-thcorctical analysis describcd above. In 
that case thcrc exists a large variety of gauge groups of rathcr high dimen- 
sion [69]. Gaugings can also be constructed via a so-called Scherk-Schwarz 
reduction from higher dimensions [73] . To give a really exhaustive classifica- 
tion remains cumbersome. For cxplorations based on the group-theoretical 
analysis explained above, see [74, 75]. 

6 Supersymmetry in anti-de Sitter space 

In section 3.1 we presented the first steps in the construction of a generic 
supergravity theory, starting with the Einstcin-Hilbcrt Lagrangian for grav- 
ity and the Rarita-Schwinger Lagrangians for the gravitino fields. We es- 
tabhshed the existence of two supersymmetric gravitational backgrounds, 
namely fiat Minkowski space and anti-de Sitter spacc with a cosmological 
constant proportional to g'^, whcrc g was somc real coupling constant pro- 
portional to the the inverse anti-de Sitter radius. The two cases are clearly 
related and flat space is obtained in the limit y — > O, as can for instance be 
seen from the expression of the Riemann curvature (c/. (3.14)), 

R,up''=9'{9,pK-9upS;)- (6.1) 

Because both flat Minkowski space and anti-de Sitter space are maximally 
symmetric, they have \D{D + 1) independent isometries which comprise 
the Poincare group or the group SO{D — 1,2), respectively. The algebra of 
the combined bosonic and fcrmionic symmctrics is called the anti-de Sitter 
superalgebra. Note again that the dcrivation in section 3.1 was incomplete 
and in general one will need to introduce additional fields. 

In this chapter we will mainly be dealing with simple anti-de Sitter su- 
persymmetry and WC will always assume that 3 < -D < 7. In that case 
the bosonic subalgcbra coincidcs with the anti-dc Sitter algebra. In _D = 3 
spacetime dimensions the anti-de Sitter group S0(2, 2) is not simple. There 
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exist A/"-extended versions where one introduces N supercharges, each trans- 
forming as a spinor under the anti-de Sitter group. These N supercharges 
transform under a compact R-symmetry group, whose generators will appear 
in the {Q, Q} anticommutator. As we discussed in sect. 2.5, the R-symmetry 
group is in general not the same as in Minkowski space; according to Table 9, 
we have Hr = SO(iV) for = 4, Hr = U(A^) for L> = 5, and Hr = USp(2A^) 
for D = 6,7. For D > 7 the superalgebra is no longer simple [3]; its bosonic 
subalgebra can no longer be restricted to the sum of the anti-de Sitter al- 
gebra and the R-symmetry algebra, but one needs extra bosonic generators 
that transform as high-rank antisymmetric tensors under the Lorentz group 
(see also, [76]). In contrast to this, there exists an (iV-extendcd) super- 
Poincare algebra associated with flat Minkowski space of any dimension, 
whose bosonic generators correspond to the Poincare group, possibly aug- 
mented with the R-symmetry generators associated with rotations of the 
supercharges. 

Anti-de Sitter space is isomorphic to SO{D — 1,2)/S0{D — 1,1) and 
thus belongs to the coset spaces that were discussed extensively in chap- 
ter 4. According to (4.10) it is possible to describe anti-de Sitter space as a 
hypcrsurface in a (D+ l)-dimensional embedding space. Dcnoting the extra 
coordinate of the embedding space by Y~ , so that we have coordinates 
with A = — ,0, 1,2, — 1, this hypcrsurface is defined by 

-{Y- f - (y0)2 + Y^ = r)AB Y^Y^ = -g-^ . (6.2) 

Obviously, the hypcrsurface is invariant under linear transformations that 
leave the metric rjAB = diag (—,—,+,+,...,+) invariant. These transfor- 
mations constitute the group SO(Z) — 1,2). The \D{D + 1) generators 
denoted by Mab act on the embedding coordinates by 

Mab = Ya^-Yb^, (6.3) 

where we lower and raise indices by contracting with r]AB and its inverse 
r]'^^ . It is now easy to evaluate the commutation relations for the Mab, 

[Mab, Mcd] = Vbc Mad - Vac Mbd - Vbd Mac + Vad Mbc ■ (6.4) 

Anti-de Sitter space has the topology of S'^ftime] x R^~^ [space] and has 
closed timelike curves. These curves can be avoided by unwrapping 5^, so 
that one finds the universal covering space denoted by CadS, which has 
the topology of R^. There exist no Cauchy surfaces in this space. Any 
attempt to determine the outcome of some evolution or wave equation from 
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a spacelike surface requires fresh information coming from a timelike infinity 

which takes a finite amount of time to arrive [77, 78]. Spatial infinity is a 
timelike surfaee whieh eannot be reaehed by timelike geodesics. There are 
many ways to coordinatize anti-de Sitter space, but we will avoid using 
explicit coordinates. 

For later use we record the (simple) anti-de Sitter superalgebra, which 
in addition to (6.4) contains the (anti-)commutation relations, 

{Qa,0/3} = -lir AB)apM^^, 
[MAB,Qa] = UQ^AB)a. (6.5) 

Here the matrices Tab, which will be defined later, are the generator s of 
SO{D — 1,2) group in the spinor representation. As we alluded to carlier, 
this algebra changes its form when considering N supercharges which rotate 
under R-symmetry, because the R-symmetry generators will appear on the 
right-hand side of the {Q, Q} anticommutator. 

The relation with the Minkowski case proceeds by means of a so-called 
Wigner-Inonii contraction. Here one rescales the generators according to 
M-A 9~^Pa, Q 9~^^'^Q, keeping the remaining generators Mab cor- 
responding to the Lorentz subalgebra unchanged. In the limit g ^ O, the 
generators Pa will form a commuting subalgebra and the fuU algebra con- 
tracts to the super-Poincare algebra. 

On spinors, the anti-de Sitter algebra can be realized by the following 
combination of gamma matrices T a in £)-dimensional Minkowski space, 

f h'^ab for A,B = a,b, 

MAB = hrAB={ ^ (6.6) 

[ ir„ for A = -,B = a 

with o, 6 = 0, 1, ... , D—l. Our gamma matrices satisfy the Clifford property 
{r", r^} = 277"'' 1, where t?"^ = diag ( — ,+,..., +) is the D-dimensional 
Lorentz-invariant metric.^^ Concerning the R-symmetry group in anti-de 
Sitter space, the reader is advised to consult section 2.5. 

Of ccntral importance is the quadratic Casimir operator of the isometry 
group SO(D - 1,2), defined by 

C2 = -^M^^ Mab. (6.7) 

The group SO(D — 1, 2) has more Casimir operators when D > 3, but these 
arc of liiglici' tirdcr iii IIk^ generators and will not play a role in the following. 

^''Note that when the gravitino is a Majorana spinor, the quantities Fasc should satisfy 
the same Majorana constraint. 
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To make contact between the masslike terms in the wave equations and 
the properties of the irreducible representations of the anti-de Sitter group, 
which we will discuss in section 6.1, it is important that we estabhsh the 
relation between the wave operator for fields that hve in anti-de Sitter space, 
which involves the appropriately covariantized D'Alembertian DaaS) the 
quadratic Casimir operator C2. We remind the reader that fields in anti-de 
Sitter space are multi-component functions of the anti-de Sitter coordinates 
that rotate irreducibly under the action of the Lorentz group SO(D — 1, 1). 
The appropriate formulae were given at the end of section 4.2 (c/. (4.44) 
and (4.45)) and from them one can derive, 



Co = □ 



adS 



^ + (jLorentz ^ 



where 02°^^"*^'^ is the quadratic Casimir operator for the representation of 
the Lorentz group to which the fields have been assigned. This result can bc 
proven for any symmetric, homogeneous, space (see, for example, [79]). For 
scalar fields, the second term in (6.8) vanishes and the proof is elementary 
(see, e.g., [80]). 

Let us now briefly return to the supersymmetry algebra as it is realized 
on the vielbein field. Using the transformation rules (3.11) The commuta- 
tor of two supersymmetry transformations yields an infinitesimal general- 
coordinate transformation and a tangent-space Lorentz transformation. For 
example, we obtain for the vielbein, 

= D^(ie2r"ei) + i5(e2r"^i)e^b. (6.9) 

The first term corresponds to a spacetime diffeomorphism and the second 
one to a tangent space (local Lorentz) transformation. Here we consider 
only the gravitational sector of the theory; for a complete theory there are 
additional contributions, but nevertheless the above tcrms remain and (6.9) 
should be realized uniformly on all the fields. In the anti-de Sitter back- 
ground, were the gravitino field vanishes, the parameters of the supersym- 
metry transformations are Killing spinors satisfying (3.15) so that the grav- 
itino field remains zero under supersymmetry. Therefore both the gravitino 
and the vielbein are left invariant under supersymmetry, so that the com- 
bination of symmetries on the right-hand side of (6.9) should vanish when 
ei and €2 are Killing spinors. Indeed, the diffeomorphism with parameter 
= ^e2r^ei, is an anti-de Sitter Killing vcctor (i. e., it satisfics (4.38)), 
because D^{g e2T^p€i) = —g^ g^ip^i,] is antisymmetric in /j, and v. As for all 
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Killing vectors, higher derivatives can be decomposed into the Killing vector 
and its first dcrivative. Indeed, we find Df, {g e2T,,f,€i) = —g'^ g^ip^u] iii the 
casc at hand. The Killing vector can bc decomposed into the ^D{D + 1) 
Killing vectors of the anti-de Sitter space. The last term in (6.9) is a com- 
pensating target space transformation of the type we have been discussing 
extensively in section 4.2 for generic coset spaces. 

6.1 Anti-de Sitter supersymmetry and masslike terms 

In flat Minkowski space all ficlds bclonging to a supermultiplet are subject 
to field equations with the same mass, bccause the momentum operators 
commute with the supersymmetry charges, so that is a Casimir opera- 
tor. For supermultiplets in anti-de Sitter space this is no longer the case, 
so that masslike terms will not necessarily be the same for different ficlds 
belonging to the same multiplet. We have already discussed the interpreta- 
tion of masslike terms for the gravitino, foUowing (3.10). This phenomenon 
will be now illustrated below in a specific example, namely a scalar chiral 
supermultiplet in D = 4 spacetime dimensions. Further clarification from 
an algebraic viewpoint will be given later in section 6.3. 

A scalar chiral supermultiplet in 4 spacetime dimensions consists of a 
scalar field A, a pseudoscalar field B and a Majorana spinor field i/j. In 
anti-de Sitter space the supersymmetry transformations of the fields are 
proportional to a spinor parameter e{x), which is a Killing spinor in the 
anti-de Sitter space, i. e., e(x) must satisfy the Killing spinor equation (3.15). 
In the notation of this section, this equation reads, 

(a^ - ia;"Sa6 + y e^^a) e = 0, (6.1) 

whcre we made the anti-de Sitter vierbein and spin connection explicit. We 
allow for two constants a and b in the supersymmetry transformations, which 
we parametrize as follows, 

SA = \eip , 5B = lie-f5ip , 

6ip = p{A + i'y5B)e- {aA + ib'y5B)e. (6.2) 

In this expression the anti-de Sitter vierbein field has been used to contract 
the gamma matrix with the dcrivative. The coefficicnt of the first term in Sip 
has been chosen such as to ensure that [5i , 62] yields the correct coordinate 
transformation ^'^Dfj^ on the fields A and B. To determine the constants 
a and b and the field equations of the chiral multiplet, we consider the 
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closure of the supersymmetry algebra on the spinor field. After some Fierz 
reordering we obtain the result, 

[6i ,62]i^ = eO^^ + U^-b) e-27"'ei labi^ - l^lp^ + ^ (a + 6)^] . (6.3) 

We point out that derivatives acting on e(x) occur in this calculation at an 
intermediate stage and should not be suppressed in view of (6.1). However, 
they produce terms proportional to g which turn out to cancel in the above 
commutator. Now we note that the right-hand side should constitute a 
coordinatc transformation and a Lorentz transformation, possibly up to a 
field equation. Obviously, the coordinate transformation coincides with (6.9) 
but the correct Lorentz transformation is only reproduced provided that 
a — b = 2g. If we now define m = |(a + 6), so that the last term is just the 
Dirac equation with mass m, we find 

a = m + g , b = m — g . (6-4) 

Consequently, the supersymmetry transformation of V' equals 

Stp =p{A + ij5B)e - m{A + ij5B)e - g{A - ij^B) e , (6.5) 

and the fermionic field equation equals {p + m)ijj = 0. The second term in 
(6.5), which is proportional to m, can be accounted for by introducing an 
auxiliary field to the supermultiplet. The third term, which is proportional 
to g, can be understood as a compensating S'-supersymmetry transformation 
associated with auxiliary fields in the supergravity sector (see, e.g., [81]). 
In order to construct the corresponding field equations for A and B, we 
consider the variation of the fermionic field equation. Again we have to take 
into account that derivatives on the supersymmetry parameter are not equal 
to zero. This yields the following second-order differential equations, 

[□ads + - m{m - g)] A = O , 
[□adS + 2ff2 - m(m + <?)] S = O, 

[□ads + - m^] V' = 0. (6.6) 

The last equation follows from the Dirac equation. Namely, one evaluates 
{p — m){p + m)il!, which gives rise to the wave operator DadS + 5 ~ 
The commutator yields the Riemann curvature of the anti-de Sitter space. 
In an anti-de Sitter space of arbitrary dimension D this equation then reads, 

[□ads + lD{D - l)g^ - m^]^ = O , (6.7) 
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which, for D = 4 agrees with the last equation of (6.6). A striking fea- 
ture of the above result is that thc ficld cquations (6.6) all have difFerent 
mass terms, in spite of the fact that they belong to the same supermulti- 
plet [82] . Consequently, the role of mass is quite different in anti-de Sitter 
space as compared to flat Minkowski space. This will be elucidated later in 
section 6.2. 

For future apphcations we also evaluate the Proca equation for a massive 
vector field, 

D''{di,A^-d^Af,)-m^A^ = 0. (6.8) 

This leads to^'^ D^'Au, = O, so that (6.8) reads D'^A^ - [D^', Dy]A^-w? A^ = 
O or, in anti-de Sitter space, 

[□adS + (^-l)ff'-mVM = 0. (6.9) 

This can be generahzed to an antisymmetric tensor of rank n, whose field 
equation reads (antisymmetrizing over indices z^i, . . . , f„), 

(n + 1) - C,,...,„ = O . (6.10) 

In the same way as before, this leads to 

[□adS + n{D - n)g^ - m^] a,...,„ = O . (6.11) 

The term in thc ficld cquations for the scalar fields can be understood 
from thc obscrvation that thc scalar D'Alembcrtian (in an arbitrary grav- 
itational background) can be extended to a conformally invariant operator 
(see, e. g., [81]), 

° + ^ = ° + ^^^^ ~ ' ^^-^^^ 

which seems the obvious candidate for a massless wave operator for scalar 
fields. Indeed, for D = 4, we do reproduce the g'^ dependence in the first 
two equations (6.6). Observe that the Dirac operator - is also conformally 
invariant and so is the wave equation associated with the Maxwell field. 

Using (6.8) we can now determine the values for the quadratic Casimir 
operator for the representations described by scalar, spinor, vector and ten- 
sor fields. The quadratic Casimir operator of the Lorentz group takes the 
values O, \D{D — 1), D — 1 and n{D — n) for scalar, spinor, vector and 

^'^When m ^ O, otherwise one can impose this equation as a gauge condition. 
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tensor fields respectively. Combining this result with (6.12), (6.7), (6.9) and 
(6.10), (6.8) yields the foUowing values for the quadratic Casimir operators, 

-lD{D-2)+m^, 
-iL>(Z)-l) + m2, 

. (6.13) 

For spinless fields, m? is not the coefiicient in the mass term of the Klein- 
Gordon equation, as that is given by the value for €2^'^^'^^, while, for spinor 
and vector fields, m and m? do correspond to the mass tcrms in the Dirac 
and Proca equations, respectively. Wc thus derive specific values for C2 for 
massless scalar, spinor, vector and tensor fields upon putting m = 0. The 
fact that the value of C2 does not depend on the rank of the tensor field is 
in accord with the fact that, for m? = O, a rank-n and a rank-(£) — n — 2) 
tensor gauge field are equivalent on shcll (also in curved space). 

Hence, we see that the interpretation of the mass parameter is not 
straightforward in the context of anti-de Sitter space. In the next sec- 
tion we will derive a rather general lower bound on the value of C2 for 
the lowest-weight representations of the anti-de Sitter algcbra (c/. (6.26)), 
which implies that the masslike terms for scalar fields can have a negative 
coefficient y^^ subject to the inequality, 

/.2>-i(Z)-l)2. (6.14) 

This result is known as the the Brcitcnlohncr-Frccdman bound [82], which 
ensures the stability of an anti-dc Sitter background against small fluctua- 
tions of the scalar fields. For spin-i the bound on C2 implies that > O, 
whereas for spin-O we find that > — ^, with mP' as defined in (6.13). 

In the next section we study unitary representations of the anti-de Sitter 
algcbra and this study will confirm somc of the rcsults found abovc. For 
massless representations of higher spin there is a decoupling of degrees of 
freedom, which uniqucly identifies the massless representations and their 
values of €2- In a number of cases this decoupling is more extreme and one 
obtains a so-called singleton representation which does not have a smooth 
Poincare limit. In those cases there is no decoupling of a representation 
that could be identified as massless and therefore there remains a certain 
ambiguity in the definition of 'massless' representations. This can also be 
seen from the observation that (massless) antisymmetric tensor gauge fields 
of rank n = D — 2 are on-shell equivalent to massless scalar fields. While 
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we concluded above that these tensor fields lead to C2 = O, massless scalar 
fields have C2 = —^D[D — 2) according to (6.13). The diffcrcncc may not 
be entirely surprising in view of the fact that the antisymmctric tensor La- 
grangian is not conformally invariant for arbitrary values of D, contrary to 
the scalar field Lagrangian. At any rate, we have estabHshed the existence 
of two different ficld representations that describe massless, spinless states 
which correspond to different values for the anti-de Sitter Casimir operator 
C2 ■ At the end of the next section, where we discuss unitary representations 
of the anti-de Sitter algebra, we briefly return to the issue of massless rep- 
resentations. The connection between the local field theory description and 
the anti-de Sitter representations tends to be subtle. 

6.2 Unitary representations of the anti-de Sitter algebra 

In this section we discuss unitary representations of the anti-de Sitter alge- 
bra. We refer to [83] for some of the original work, and to [84, 85, 80] where 
part of this work was reviewed. In order to underline the general features 
we will stay as much as possible in general spacetime dimensions D > 3.^^ 
The anti-de Sitter isometry group, SO(D — 1, 2), is noncompact, which im- 
plies that unitary representations will be infinitely dimensional. For these 
representations the generators are anti-hermitean, 

m\j, = -Mab ■ (6.15) 

Here we note that the cover group of SO{D — 1, 2) has the generators ^T^jy 
and ^r^, acting on spinors which are finite-dimensional objects. These 
generators, however, have different hermiticity properties. 

The compact subgroup of the anti-de Sitter group is S0(2) x SO{D — 1) 
corresponding to rotations of the compact anti-de Sitter time and spatial 
rotations. It is convenient to decompose the ^D{D+1) generators as follows. 
First, the generator M_o is related to the energy operator when the radius of 
the anti-de Sitter space is taken to infinity. The eigenvalues of this generator, 
associated with motions along the circle, are quantized in integer units in 
order to have single-valued functions, unless one passes to the covering space 
CadS. The energy operator H will thus be defined as 

H = -iM_o. (6.16) 

Obviously the generators of the spatial rotations are the operators Mab with 
a,b = 1, . . . , D—l. Note that wc have changed notation: here and henceforth 

2«The case of D = 3 is special because SO(2, 2) ^ (SL(2, R) x SL(2, R))/Z2. 
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in this chapter the indices a,b,. . . refer to space indices. The remaining 
generators M_a and Moa are combined into D—l pairs of mutually conjugate 
operators, 

= -iMoa ± M_a , (6.17) 

satisfying (M+)^ = M~. The anti-de Sitter commutation relations then 
read, 

[H,M^] = ±M±, 
[Mt,M^] = O, 

[M+,M,-] = -2{Hdab + Mab). (6.18) 

Clearly, the play the role of raising and lowering operators: when ap- 

phed to an cigenstate of H with eigenvalue E, apphcation of yiclds a 
state with eigenvalue £^±1. We also give the Casimir operator in this basis, 

= H^-\{Mt,M-]-\{Ma,f 

= H{H - D + l) + - M+M- , (6.19) 

where is the total spin operator: the quadratic Casimir operator of the 
rotation group SO{D — 1), defined by 

J^ = -l{Mai,f. (6.20) 

In simple cases, its value is well known. For L> = 4 it is expressed in terms 
of the 'spin' s which is an integer for bosons and a half-integer for fermions 
and the spin-s representation has dimension 2s + 1 and = s(s + 1). 
For D = 5, the corresponding rotation group S0(4) is the product of two 
SU(2) groups, so that irreducible representations are characterized by two 
spin values, (s+,s_). Their dimension is equal to (2s_|_ + l)(2s_ + 1) and 
= 2(J^ + J^) with = s±{s± + 1). Summarizing: 

J2 = / ^(^ + 1) ^ = ^' (621) 

\ 2s+(s+ + l) + 2s_(s_ + l) for D = 5. ^ ^ ^ 

The SO(Z) — 1) representations for D > 5 are specified by giving the eigenval- 
ues of additional (higher-order) SO{D — 1) Casimir operators. A restricted 
class of representations will be discussed in a sequel; a more general discus- 
sion of all possible representations requires a more technical set-up and is 
outside the scope of these lectures. 
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In this section we restrict ourselves to the bosonic case, but in passing, 
let us alrcady briefly indicate how some of the other (anti-)commutators of 
the simple anti-de Sitter superalgebra decompose (c.f. (6.5)), 

{Qa,Ql} = i^5a/3-^^M„^,(^«^^^0)„;3 

+i(M+ r» (1 + zr") + M- r« (i - iT^))^^ , 

[H,Qa] = -^*(r°Q)«, 
[M^,Qa] = Ti(r„(lTir°)Q)a. (6.22) 

For the anti-de Sitter superalgebra, all the bosonic operators can bc cx- 
pressed as bihnears of the supercharges, so that in principle one could restrict 
oneself to fermionic operators only and employ the projections (1 it iT^)Q 
as the basic lowering and raising operators. This will be discussed later in 
section 6.3. 

We now turn to irreducible representations of the anti-de Sitter alge- 
bra (6.18). We start with the observation that the energy operator can 
be diagonahzed so that we can label the states according to their eigen- 
value E. Because application of Icads to the states with higher and 
lower eigenvalues E, we expect the representation to covcr an infinite range 
of eigenvalues, all separated by integers. For a unitary representation the 
M+M~ term in (6.19) is positive, which implies that the Casimir operator 
is bounded by 

C2<-liD-lf+ [j2 + (i? - i(D - 1))']^.^.^^^, (6.23) 

where the subscript indicates that one must choose the minimal valuc that 
+ {E — ■^{D — 1))^ takes in the representation. Among other things, this 
number will depend on whether the eigenvalues E take integer or half-integer 
values. 

Continuous representations cover the whole range of eigenvalues E ex- 
tending from — oo to oo. However, when there is a state with some eigen- 
value Eo that is annihilated by all the M~ , then only states with eigenvalues 
E > Eo will appear in the representation. This is therefore not a continu- 
ous representation but a so-called lowest-weight representation. The ground 
state of this representation (which itself transforms as an irreducible repre- 
sentation of the rotation group and may thus be degenerate) is denoted by 
\Eo,J) and satisfies 

M-|£:o,J)=0. (6.24) 
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Eo + 5 



Eo + 4: <^ 



Eo + 3 



Eo + 2 



Eo + 1 



Eo - 



Figure 1: States of the spinless represcntation in tcrms of the energy eigenvalues E 
and tho angular momentum j. Each point corrcsponds to the spherical harmonics 
of S^~^: traceless, symmetric tensors Y°-^"'°-^ of rank / = j. 



The unitarity upper bound (6.23) on C2 is primarily useful for continuous 
representations. For unitary lowest-weight representations one can derive 
various lower bounds, as we shall see below. Substituting the condition 
(6.24) in the expression (6.18) applied to the ground state \Eq, J), we derive 
at once the eigenvalue of the quadratic Casimir operator associated with 
this representation in terms of Eo and J^, 

C2 = Eo{Eo- D + 1) + J'^ . (6.25) 

Since C2 is a Casimir operator, this value holds for any state belonging to the 
corresponding irreducible representation. For real values of Eo the Casimir 
operator is bounded by 

C2>J^-\{D-lf. (6.26) 

As we already discussed at the end of the previous section, for scalar fields 
(J^ = 0) this is just the Breitenlohner-Freedman bound [82]. Additional 
restrictions based on unitarity will be derived shortly. They generally lead 
to a lower bound for Eo and thus to a corresponding lower bound for C2. 
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representation y-^i-A, yS;Ai-Ai 



D 

D = A 
D = 5 



l{l + D-3) il + D-A){l + l) 



s = I s = I 



s± = ^l s± = s^ + 1 = ^(1 + 1) 



Table 17: Two gcncric SO{D — 1) rcprcscntations. Onc is thc symmctric trace- 
less tensor representation (corresponding to the spherical harmonics on S^~^) de- 
noted by /-rank tensors Y^^'"^'-, and the representation spanned by mixed tensors 
YB;Ai - Ai q£ rank I + 1 (which is not indepcndcnt for D = 4). Wc list thc cor- 
responding eigenvalues of the quadratic Casimir operator J^, for general D. For 
D = A these representations are characterized by an integer spin s. For Z) = 5 there 
are two such numbers, s±, as we explained in the text. 

Unless this bound supersedes (6.26) there can exist a degeneracy in thc sense 
that there are two possible, permissible values for Eq with the same value 
for C2. These two values correspond to two different solutions of the field 
equations subject to different boundary conditions at spatial infinity. 

In what fohows wc restrict oursclvcs to lowest-wcight representations, 
because those have a natural interpretation in the limit of large anti-de 
Sitter radius in terms of Poincare representations. Alternatively we can 
construct highest-weight representations, but those will be similar and need 
not to be discussed separatcly. 

The full lowest-weight representation can now be constructed by acting 
with the raising operators on the ground state \Eq,J). To be precise, all 
States of energy E = Eg + n are constructed by an n-fold product of crcation 
operators M+. In this way onc obtains states of highcr eigenvalues E with 
higher spin. The simplest case is the one where the vacuum has no spin 
(J = 0). For given eigenvalue E, the states decompose into the state of 
the highest spin generated by the traceless symmetric product oi E — Eq 
operators M+ and a number of lower-spin descendants. These states are all 
shown in fig. 1. 

In the following we consider a number of representations of SO(D — 1) 
that exist for any dimension. For the bosons we consider the spherical har- 
monics, spanned by Z-rank traceless, symmetric tensors Y°'^"'°'K Multiplying 
such tensors with the vector representation gives rise to two of these repre- 
sentations with rank Z ± 1, and a 'mixed' representation, spanned by mixed 
tensors y^m-ai _ Table 17 lists the value of for these representations, for 
general D and for the specific cases of D = 4, 5. In a similar table 18 we 
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rcpret,cii( a( ion Y"'-'"-"' 



J2 l{l + D-2) + l{D-l){D-2) 

-D = 5 s± = s=p — ^ = 



Table 18: The eigenvalues of the quadratic SO(D — 1) Casimir operator ,P for 
the symmetric tensor-spinor representation spanned by tensors y";"! -"; for general 
dimension D and for the specific cases £> = 4, 5. 



list the vahic of for the irreducible symmetrie tensor-spinors, denoted by 
yQ!;ai - a;_ ^j^gy ^re symmetric l-rank tensor spinors that vanish upon con- 
traction by a gamma matrix and appear when taking products of spherical 
harmonies with a simple spinor. 

Armed with this information it is straightforward to find the decomposi- 
tions of the spinor representation of the anti-de Sitter algebra. One simply 
takes the direct product of the spinless representation with a spin-^ state. 
That impUes that every point with spin j in fig. 1 generates two points with 
spin J ± ^, with the exception of points associated with j = O, which will 
simply move to j = |. The result of this is shown in fig. 2. 

However, the spinless and the spinor representations that we have con- 
structed so far are not necessarily irreducible. To see this consider the 
excited state that has the same spin content as the ground state, but with 
an energy equal to £^0 + 2 or £'o + l, for the scalar and spinor representations, 
respectively, and compare their value for the Casimir operator with that of 
the corresponding ground state. In this way we find for the scalar 

Eq{Eq -D + l) = {Eo + 2){Eo -D + 3)+ M-\Eo + 2, spinless) ^ . (6.27) 



This leads to 



2Eo + 3-D 



I £;o + 2, spinless) 



(6.28) 



so that unitary of the representation requires the inequality, 

Eo>l{D-3). (6.29) 

For Eo = ^{D — 3) we have the so-called singleton representation^^, where 

^^The singleton representation was first found by Dirac [86] in 4-dimensional anti-de 
Sitter space and was known as a 'remarkable representation'. In the context of the oscil- 
lator method, which we will refer to later, singletons in anti-de Sitter spaces of dimension 
D 7^ 4 arc callod 'doubletons' [87]. In these lectures we will only use the name singleton 
to denote these remarkable representations. 
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Eo + 5 



Eq + 4<?-« «o» «o* 



£^0 + 3 



Eo 9- • 



• o* «o* «o* 



• o • • o • 



Eo + 2 i- • • o » 



Eo + 1 



1 2 3 4 5 6 

Figure 2: States of thc spinor represcntation in tcrms of thc cncrgy cigcnvahics E 
and the angular momentum; the half-integer values ior j = I + ^ denote that we 
arc dealing with a symmctric tensor-spinor of rank /. The small circles denote the 
original spinless multiplet from which the spinor multiplet has been constructed by 
a direct product with a spinor. 



we have only one state for each given spherical harmonic. The Casimir 
eigenvalue for this representation equals 



C2(spinless singleton) = -^{0 + 1){D - S) , 



(6.30) 



The excited state then constitutes the ground state for a separate irreducible 
spinless representation, but now with Eo = which, not surprisingly, 

has the same value for 62- 

For the spinor representation one finds a similar result. 



Eo{Eo -D + l) + J^ 



{Eo + l){Eo-D + 2) + J^ 
2 

+ M^\Eo + 1, spinor) 



(6.31) 



As the value for are the same for the ground state and the excited state 
one readily derives 



2^0 - D + 3 



M-\Eo + 1, spinor) 



(6.32) 
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Eq + 2 

Eq + 1 



1 2 3 4 5 6 

Figure 3: The spin-0 and spin-| singleton representations. The sohd dots indicate 
the States of the spin-0 singleton, the circles the states of the spin-^ singleton. It is 
obvions that singletons contain much less degrees of freedom than a generic local 
field. The value of Eq, which denotes the spin-0 ground state energy, is equal to 
Eo — ^{D — 3). The spin-i singleton ground state has an energy which is one half 
unit higher, as is explained in the text. 



so that one obtains the unitarity bound 

Eo>^{D-2). (6.33) 

For Eq = ^{D — 2) we have the spinor singleton reprcscntation, which again 
consists of just one state for cvery vahic of the total spin. For the spinor 
representation the value of the Casimir operator cquals 

C2(spinor singleton) = -^{0 + 1){D - 2) . (6.34) 

Notc that 'm D = 4, both singleton representations have the same eigenvalue 
of the Casimir operator. 

The existence of the singletons was first noted by Dirac [86]. These 
representations are characterized by the fact that they do not exist in the 
Poincare limit. To see this, note that Poincare representations correspond 
to plane waves which are decomposable into an infinite number of spherical 
harmonics, irrespective of the size of the spatial momentum (related to the 
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^0 + 5 i- 
^0 + 4 
^0 + 3 f 
Eq + 2 

^0 + 1 f 
Eq 



'k ® -k ® -k • 



(S) * • 



1 2 3 4 5 6 

Figure 4: States of thc spin-1 rcprcscntation iii tcriiis of thc energy eigcnvalues 
E and the angular momentum j. Observe that there are now points with double 
occupancy, indicated by thc circle supcrimposed on thc dots and states transforming 
as mixed tensors (with / — j) denotcd by a Thc doublc-occupancy points cxliibit 
the structure of a spin-0 multiplet with gromid statc energy Eo + 1. This muhiplet 
becomes reduciblc and can be dropped when i?o = i' — 2, as is cxplained in the 
text. The remaining points then constitute a massless spin-1 multiplet, shown in 
fig. 5. 



energy eigenvalue). That means that, for given spin, one is dealing with 
an infinite, eontinuous tower of modes, which is just what one obtains in 
the limit of vanishing energy increments for the generic spectrum shown in, 
e. g., fig. 1. In contradistinction, the singleton spectrum is difFerent as the 
states have a singlc energy eigenvalue for any given value of the spin, as 
is obvious in fig. 3. Consequently, wave functions that constitute singleton 
representations do not depend on the radius of the anti-de Sitter spacetime 
and can be regarded as living on the boundary. 

To obtain thc spin-1 representation one can take the direct product of the 
spinless multiplet with a spin-1 state. Now the situation is more complicated, 
however, as the resulting multiplet contains states of spin lower than that 
of the ground state. In principle, each point in fig. 1 now generates three 
points, associated with two spherical harmonics, associated with rank-j='=l 
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1 2 3 4 5 6 

Figure 5: States of the massless s = 1 representation in terms of the energy 
eigcnvalucs E and the angular momentum j. Now Eq is no longer arbitrary but it 
is fixed io Eq = D — 2. 



tensors as well as mixed tensors of rank j + 1 (so that I = j). An exception 
are the spinless points, which simply move to j = 1. The result of taking 
the product is dcpicted in fig. 4. This procedure can be extcnded directly 
to ground statcs that transform as a spherical harmonic y i 

Along the same hnes as bcforc, wc investigate whether this representation 
can become reducible for special values of the ground state energy. We 
compare the value of the Casimir operator for the first excitcd states with 
minimal spin to the value for the ground state specified in (6.25). Hence we 
consider the states with E = E^ + l and j = l — l, assuming that the ground 
state has I > 1. In that case we find 



Co 



so that 



(^0 + l)(^o - ^ + 2) + - 1)(/ + L' - 4) 
Eo(Eo-D + l) + l(l + D-3), 



M^\Eo + 1,1-1) 

(6.35) 



En 



/ -D + 3 = i 



M-\Eo + 1,1-1) 



Therefore we establish the unitarity bound 

Eo>l + D-3, il>l) 



(6.36) 
(6.37) 
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When Eo = I + D — 3, however, the state \Eo + 1,1 — 1) is itself the ground 
state of an irrcducible multiplet, which decouples from the original miiltiplet 
together with its corresponding excited states. This can be intcrpreted as the 
result of a gauge symmetry. Because these representations have a smooth 
Poincare limit they are not singletons and can therefore be regarded as 
massless representations. Hence massless representations with spin I > 1 
are characterized by 

Eo = l + D-3. (Z > 1) (6.38) 

For these particular values the quadratic Casimir operator acquires a mini- 
mal value equal to 

C2(massless) = 2(Z-l)(Z + D-3). > 1) (6.39) 

We recall that this result is only derived for Z > 1. For certain other cases, 
the Identification of massless representation is somewhat ambiguous, as we 
already discussed. We return to this issue at the end of this section. 

The above arguments can be easily extended to other grounds states, but 
this requircs further knowledge of the various representations of the rotation 
group, at least for general dimension. This is outsidc the scopc of these Icc- 
tures. However, in L> = 4, 5 dimensions this Information is readily available. 
For a spin-s ground state in 4 spacetime dimensions we immediately derive 
the unitarity bound (for s > i), 

> s + 1 , (6.40) 

by following the same procedure as leading to (6.37). When the bound is 
saturated we obtain a massless representation. The equation corresponding 
to (6.39) becomes 

C2 = 2{s^ - 1) , (6.41) 

It turns out that this result applies to all spin-s representations, even to 
s = O, ^ conformal ficlds, for which we cannot use this derivation. This is a 
special property for Z) = 4 dimensions. 

The case of D = 5 requires extra attention, because here the rotation 
group factorizes into two SU(2) groups. We briefiy summarize some results. 
First let us assumc the the groundstate has spin (s+,s_) with s± > ^. In 
that case we find that the ground state energy satisfies the unitarity bound, 

Eo>s+ + s- + 2. (s± > i) (6.42) 
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This bound is saturated for massless states, for which the E = Eq + 1 states 
with spin (s+ — ^ , s_ — ^ ) decouples. The corresponding value for the Casimir 
operator is equal to 

C2 = (s+ + s-f + 2s+(s+ + 1) + 2s_(s_ + 1) - 4 . (6.43) 

For s± = these values are in agreement with earher result. 

What remains to be considered are the ground states with spin (O, s). 
Here we find 

^0 > 1 + s • (6.44) 

When the bound is saturated we have again a singleton representation. The 
corresponding values for the Casimir operator are 

C2 (singleton) = 3(5^ - 1) . (6.45) 

The singleton representations for s = O, ^ werc alrcady found earlier. Note 
that for D = 5 there are thus infinitely many singleton representations, 
unlike in 4 dimensions, with a large variety of spin values. This is generically 
the oase for arbitrary dimensions D ^ A and is thus related to the fact that 
the rotation group is of higher rank. 

Prom the above it is clear that we are dealing with the phenomenon 
of multiplet shortening for specific values of the energy and spin of the 
representation, just as in the earlier discussions on BPS multiplets in pre- 
vious chapters. This phenomenon can be undcrstood from the fact that 
the M^~] commutator acquires zero or negative eigenvalues for certain 
values of Eq and J^. When viewed in this way, the shortening of the repre- 
sentation is qualitatively similar to the shortening of BPS multiplets based 
on the anticommutator of the supcrchargcs. Our discussion of the shorten- 
ing of anti-de Sitter supermultiplets in section 6.3 will support this point 
of view. The same phenomenon of multiplet shortening is well known and 
relevant in conformal field theory in 1 -|- 1 dimensions. 

The purpose of this section was to clucidatc the various principlcs that 
underlie the anti-de Sitter representations and their relation with the field 
theory description. Here we are not striving for completeness. There are 
in fact alternative and often more systematic techniques for constructing 
the lowest-weight representations. A powerful method to construct the uni- 
tary irreducible representations of the anti-de Sitter algebra, is known as 
the oscillator method [88], which is applicable in any number of spacetime 
dimensions and which can also be used for supersymmetric extensions of the 
anti-de Sitter algebra. There is an extensive literature on this; for a recent 
elementary introduction to this method we refer to [80]. 
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We close this section with a number of comments regarding 'massless' 
representations and their field-theoretic description. As wc demonstrated 
above, certain representations can, for a specific valuc of Eq, dccouplc into 
different irreducible representations. This phenomenon takes place when 
some unitarity bound is saturated. In that case one has representations 
that contain fewer degrees of freedom. When these 'shortened' represen- 
tations have a smooth Poincare Hmit, they are called massless; when they 
do not, they are cahed singletons. For the case of spin-0 or spin-i repre- 
sentations, for example, the spectrum of states is quahtatively independent 
of the value for Eo, as long as Eq does not saturate the unitarity bound 
and a singleton represcntation dccouples. Therefore the concept of mass 
remains ambiguous. We have already discussed this in section 6.1, where 
we emphasized that the absence of mass terms in the field equations is also 
not a relevant criterion for masslessness. In table 19 we have collected a 
number of examples of spin-0 and spin-^ representations with the criteria 
according to which they can be regarded as massless. One of them is tied to 
the fact that the corresponding field equation is conformally invariant, as we 
discussed at the end of section 6.1. Another one foUows from the fact that 
we are dealing with a gauge field. Here the examplc is an antisymmetric 
rank-(Z) — 2) gauge field, which is on-shell equivalent to a scalar. 

We also invoke a criterion introduced by Giinaydin (see [89] and the dis- 
cussion in [90] ) , according to which every representation should be regarded 
as massless that appears in the tensor product of two singleton represen- 
tations. For instance, it is easy to verify that the product of two spinless 
singletons leads to an infinite series of higher spin representations that are 
all massless according to (6.38). However, it also contains the I = O rep- 
rescntation with £"0 = ^ ^ 3, to which (6.38) does not apply so that the 
interpretation as a massless representation is less obvious. It is interesting 
to consider this criterion for masslessness in D = 5 dimensions. The tensor 
product of the singleton representations with spin (O, s-) and (s+,0) leads 
to a ground state with spin (s+, s_) and Eq = 2 + S-^- + ,s^, which are ob- 
viously massless in view of (6.44) and (6.42). Taking the product of two 
singleton representations, one with spin (si,0) and another one with spin 
(s2,0) leads to ground states with spin (s,0) and energy Eo = 2 + s + n, 
where n is an arbitrary positive integer. Hence these representations should 
be regarded as massless. 

This interpretation can be tested as follows. In maximal gauged super- 
gravity in 5 dimensions with gauge group S0(6), one of these representations 
appears as part of the 'massless' supergravity multiplet. This anti-de Sitter 
representation is described by a (complex) tensor field, whose field equation 
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spin 


Eo 


C-i 


lype 





\D-l 


-\D{D-2) 


conformal scalar 





\D 


-\D{D-2) 


conformal scalar 





D -3 


-2{D - 3) 


G singlcton x singleton 





D - 1 





{D — 2)-rank gauge field 


1 

2 


2^ 2 


-lD{D-l) 


conformal spinor 


1 

2 


^ 2 


_ i5_D + 32) 


G singleton x singleton 



Table 19: Some unitary anti-de Sitter representations of spin O and i which are 
massless according to various criteria, and the corresponding values for Eo and €2- 

takes the form, 

e-^e^'^P"^ DpB^x + "^irn B'"" = O , (6.46) 

where m = ztg. From this equation onc can show that B^i, satisfics (6.10) 
so that C2 = 1 (c/. (6.13)). On shell the equation (6.46) projects out the 
degrees of freedom corresponding to spin (1,0) or (0, 1), depending on the 
sign of m. Prom this one derives that E'o = 3 (a second solution with £'0 = 1 
violates the unitarity bound (6.44)). 

6.3 The superalgebras 0Sp(iV|4) 

In this section we return to the anti-de Sitter superalgebras. We start from 
the (anti-)commutation relations already presented in (6.18) and (6.22). For 
definiteness we discuss the case of 4 spacetime dimensions with a Majorana 
supercharge Q. This allows us to make contact with the material discussed 
in section 6.1. These anti-de Sitter supermultiplets wcrc first discussed in 
[82, 91, 84, 85]. In most of the section we discuss simple supersymmetry {i. e., 
N = 1), but at the end we turn to more general N. We choose conventions 
where the 4x4 gamma matrices are given by 

n /-^1 0\ /O -ia^\ 

r°= , r'^= , a = 1,2,3, (6.47) 

V O ilj \ia'' O J 

and write the Majorana spinor Q in the form 




(6.48) 



114 



where (f^ = gj,, the indices a,(3, . . . are twocomponent spinor indices and 
the a°- are the Pauli spin matrices. We substitute these definitions into 
(6.22) and obtain 



[H,qa] 


— 2Qa J 


[H, g''] 


= -o" 




= {Hl + J-a)a 


{qa , qi3} 






= M+(aVT^ 



where we have defined the (hermitean) angular momentum operators Ja = 
~2 '^^abcM'"^. We see that the operators qa and q°' are lowering and raising 
operators, respectively. They change the energy of a state by half a unit. Ob- 
serve that the relative sign between H and J-a in the third (anti)commutator 
is not arbitrary but fixed by the closure of the algebra. 

In analogy to the bosonic case, we study unitary irreducible representa- 
tions of the 0Sp(l|4) superalgebra. We assume that there exists a lowest- 
weight state \Eo,s), characterized by the fact that it is annihilated by the 
lowering operators qa, 

qa\Eo,s)=0. (6.50) 

In principle we can now choose a ground state and build the wholc repre- 
sentation upon it by applying products of raising operators q". However, 
we only have to study the antisymmetrized products of the q°', because the 
symmetric ones just yield products of the operators M+ by virtuc of (6.49). 
Products of the AI^ simply lead to the higher-energy statcs in the anti-de 
Sitter representations of given spin that we considered in section 6.2. By re- 
stricting ourselves to the antisymmetrized products of the g'" we thus restrict 
ourselves to the ground statcs upon which the full anti-de Sitter representa- 
tions are build. Thesc ground states are \Eq,s), q"\EQ,s) and q^''q^^Eo, s) . 
Let us briefly discuss these representations for different s. 

The s = O case is special since it contains less anti-de Sitter represen- 
tations than the generic case. It includes the spinlcss statcs | i^o ! 0) and 
0) with ground-state energies Eq and Eq + 1, respectively. Thcre 
is one spin- i pair of ground states q°'\Eo,0), with energy Eq + ^. As we will 
see below, these states can be described by the scalar field A, the pseudo- 
scalar field B and the spinor field tp of the scalar chiral supermultiplct, that 
we studicd in section 6.1. Obviously, the bounds for Eo that we dcrivcd in 
the previous sections should be respected, so that Eo > ^. For Eo = the 
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multiplet degenerates and decomposes into a super-singleton, consisting of 
a spin-0 and a spin- i singleton, and another spinless supermultiplet with 
Eo = |. 

For s > ^ we are in the generic situation. We obtain the ground states 
\Eo, s) and g["g^l|£^0) s) which have both spin s and which have energies Eq 
and £'0 + 1, respectively. There are two more (degenerate) ground states, 
g"|i?o, s), both with energy Eq + i, which decompose into the ground states 
with spin j = s — ^ and j = s + ^. 

As in the purely bosonic case of section 6.2, there can be situations 
in which states decouple so that we are deahng with multiplet shortening 
associated with gaugc invariance in the corresponding field theory. The 
corresponding multiplets are then again called massless. We now discuss 
this in a general way analogous to the way in which one discusses BPS 
multiplets in flat space. Namely, we consider the matrix elements of the 
operator q^ between the (2s + l)-degenerate ground states \Eq,s), 

{Eo,s\qaq'^\Eo,s) = {Eo, s\{qa ,q'^}\Eo, s) 

= {Eo,s\{Eol + J-a)J\Eo,s). (6.51) 

This expression constitutcs an hcrmitean matrix in both the quantum num- 
bers of the degenerate groundstate and in the indices a and (3, so that it 
is (4s + 2)-by-(4s + 2). Because we assume that the representation is uni- 
tary, this matrix must be positive definite, as one can verify by inserting a 
complete set of intermediate states between the operators and g^ in the 
matrix element on the left-hand side. Obviously, the right-hand side is man- 
ifcstly hcrmitean as well, but in order to bc positive definite the eigenvalue 
Eo of H must be big enough to compensatc for possible negative eigenvalues 
oi J-a, where the latter is again regarded as a (4s + 2)-by-(4s + 2) matrix. To 
determine its eigenvalues, we note that J • a satisfies the following identity, 

{J- + {J- a) = s{s + 1)1, (6.52) 

as follows by straightforward calculation. This shows that J-a has only two 
(degenerate) eigenvalues (assuming s 7^ O, so that the above equation is not 
trivially satisfied), namely s and — (s + 1). Hence in order for (6.51) to be 
positive definite, Eo must satisfy the inequality 

Eo>s + l, for s > ^ . (6.53) 

If the bound is saturated, i. e. if Eo = s + 1, the expression on the right-hand 
side of (6.51) has zero eigenvalues so that there are zero-norm states in the 
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multiplet which decouple. In that case we must be dealing with a massless 
multiplet. This is the bound (6.40), whose applicability is extended to spin 
^. The ground state with s = ^ and £'0 = | leads to the massless vector 
supermultiplet in 4 spacetime dimensions. 

As we already mentioned one can also use the oscillator method to con- 
struct the irreducible representations. There is an extended hterature on 
this. The reader may consult, for instance, [87, 92]. 

Armed with these results we return to the masshke terms of section 6.1 
for the chiral supermultiplet. The ground-state energy for anti-de Sitter 
multiplets corresponding to the scalar field A, the pseudo-scalar field B and 
the Majorana spinor field ip, are equal to Eq, Eq + 1 and Eo + ^, respectively. 
The Casimir operator therefore takes the values 

C2iA) = EoiEo-3), 
C^iB) = {Eo + l)iEo-2), 

C2W = {Eo+'^){Eo-l) + l (6.54) 

For massless anti-de Sitter multiplets, we know that the quadratic Casimir 
operator is given by (6.41), so we present the value for C2 — 2(s^ — 1) for the 
three multiplets, i. e 

C2(A) + 2 = (£o-l)(^o-2), 
C2{B) + 2 = Eo{Eo-l), 

C2(V') + i = (^0-1)'- (6.55) 

The terms on the right-hand side are not present for massless fields and we 
should thcrcforc identify them somehow with the common mass parameter 
m of the supermultiplet. Comparison with the field equations (6.6) shows 
(for g = 1) that we obtain the correct contributions provided we make the 
Identification £"0 = m + 1. Observe that we could have made a slightly 
different Identification herc; the above result remains the same undcr the 
interchange of A and B combined with a change of sign in m (the latter is 
accompanied by a chiral redefinition of ■0). 

When Eq = 2 there exists, in principle, an alternative field representation 
for describing this supermultiplet. The spinless representation with Eq = 2 
can be described by a scalar field, the spin- i representation with £"0 = 1 
by a spinor field, and the second spinless representation with Eq = 3 hy 
a rank-2 tensor field. The Lagrangian for the tensor supermultiplet is not 
conformally invariant in 4 dimensions, and this could account for the unusual 
ground state energy for the spinor representation. We have not constructed 
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this supermultiplet in anti-de Sitter space; in view of the fact that it contains 
a tensor gauge field, it should be regarded as massless. 

Prom Kaluza-Klein compactifications of supergravity one can dcduce 
that there should also exist shortened massive supermultiplets. The rea- 
son is that the underlying supergravity multiplet in higher dimensions is 
shortened bccaiisc it is massless. Whcn compactifying to an anti-de Sit- 
ter ground statc with supersymmetry the massless supermultiplets remain 
shortened by the same mechanism, but also the infinite tower of massive 
Kaluza-Klein states should comprise shortened supermultiplets. For toroidal 
compactifications the massive Kaluza-Klein states belong to BPS multiplets 
whose central charges are the momenta associated with the compactified 
dimensions. For nontrivial compactifications that correspond to supersym- 
metric anti-de Sitter ground states, the massive Kaluza-Klein states must 
be shortened according to the mechanism cxhibited in this scction. The 
singleton multiplets decouple from the Kaluza-Klein spectrum. Thcrcfore 
it follows that there must exist shortened massive representations of the 
extended supersymmetric anti-de Sitter algebra. 

To exhibit this wc gcncralizc the prcvious analysis to the A^-cxtcnded 
superalgebra, dcnoted by OSp(A^, 4). As it turns out, the analysis is rathcr 
similar. The supercharges now carry an extra SO(A'^) index and are denoted 
by qai and g"*, with g"' = {qai)^ with i = 1,...,N. The most relevant 
change to the (anti)commutators (6.49) is in the third one, which reads 

{qai , g*} = S{ 5^^H + si J- a J + 5^^ T- %^ , (6.56) 

whcre T are the hermitean ^N{N — 1) generators of SO(A^) which act on the 
supercharges in the fundamental representation, generated by the hermitean 
matrices S. The last two anticommutators are given by 

{qai , q(}j} = {cr"'(y'^)a(3 Sij , 

= M+((7VT^(5^^ (6.57) 

The construction of lowest-weight representations proceeds in the same way 
as before. One starts with a ground state of energy Eq which has a ccrtain 
spin and transforms according to a representation of SO(A^') which is anni- 
hilated by the qai- Denoting the SO(A^) representation by t (which can be 
expressed in terms of the eigenvalues of the Casimir operators or Dynkin 
labels), we have 

qai\Eo,s,t) =0. (6.58) 



118 



Excited states are generated by application of the which are mutually 

anticommuting, with exception of the combination that leads to the opera- 
tors which will generate the full anti-de Sitter representations. Hence 
the generic A''-extended representations decompose into ordinary anti-de Sit- 
ter representation whose ground states have energy Eq + and which can 
be written as 

ql»ih ... qanin] \Eo,s,t). (6.59) 

Here the antisymmetrization apphcs to the combincd (ai) labels. As before 
the unitarity hmits foUow from the separate hmits on the anti-de Sitter 
representations and from the right-hand side of the anticommutator (6.56), 
which decomposes into three terms, namely the Hamiltonian, the rotation 
generators and the R-symmetry generators, taken in the space of ground 
state configurations (c/. (6.51)). We have already determined the possible 
eigenvalues of J - ct which are equal to s or — (s-|- 1). In a similar way one can 
determine the eigenvalues for T • E by noting that it satisfies a polynomial 
matrix equation such as (6.52) with coefficients determined by the Casimir 
operators. For instance, for = 3 we derive, 

-(f • S)3 + 2(f • E)2 + (^2 + i _ i)(f . f ) = i(i + 1) 1 , (6.60) 

where = t{t + 1) 1. This equation shows that the eigenvalues of T • E 
take the values —t, 1 or t -|- 1, unless t = 0. Combining these results we 
find that the right-hand side of (6.56) in the space of degenerate ground 
state configurations has the following six eigenvalues: Eo + s — t, Eq + s + 1, 
Eo + s + t + 1, EQ — s — t — l, Eo — s oi Eo + t + 1. Ali these eigenvalues must 
be positive, so that in the generic case where s and t are nonvanishing, we 
derive the unitarity bound, Eq > 1 + s+t. Incorporating also the possibility 
that s OT t vanishes, the combined result takes the following form, 

Eo> 1 + s + t for s>l,t>^, 

Eo>l + s for s > i , t = O , (6.61) 

Eo>t for s = O , t > i . 

Whenever one of these bounds is saturated, certain anti-de Sitter represen- 
tations must decouple. The ground states with s = O and Eq = t define 
massive shortened representations of the type that appear in Kaluza-Klein 
compactifications [84]. In the Poincare limit these representations become 
all massless. 

Obviously these techniques can be extended to other cases, either by 
changing the number of supersymmetries or by changing the spacetime di- 
mension. There is an extended literature to which we refer the reader for 
applications and further details. 
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Before closing the chapter we want to return to the remarkable single- 
ton representations. Long before the formulation of the AdS/CFT corre- 
spondence it was reahzed that supersingleton representations could bc dc- 
scribed by conformal supersymmetric field theories on a boundary. Two 
prominent examples were noted (see, e. g., [92, 87]), namely the singleton 
representations m. D = h and 7 anti-de Sitter space, which correspond to 
N = 4:^D = A supersymmetric gauge theories and the chiral (2, 0) tensor 
multiplet in D = 6 dimensions. The singletons decouple from the Kaluza- 
Klein spectrum, precisely because they are related to boundary degrees of 
frccdom. Group-theoretically they are of intcrcst because their products 
lead to tlic massless and massive representations that one encountered in 
the Kaluza-Klein context. Another theme addresses the connection between 
singletons and higher-spin theories. Here the issue is whether the singletons 
play only a group-theorctic role or whether they have also a more dynami- 
cal significance. We refrain from speculating about these questions and just 
refer to some recent papers [93, 94, 95]. In [94] the reader may also find a 
summary of some useful results about singletons as well as an extensive list 
of references. 

In the next chapter wc will movc to a discussion of superconformal sym- 
metries, which are based on the same anti-de Sitter algebra. We draw the 
attention of the reader to the fact that in chapter 7, D will always denote 
the spacetime dimension of tlic superconformal theory. The correspond- 
ing superalgebra is then the anti-de Sitter superalgebra, but in spacetime 
dimension D + 1. 

7 Superconformal symmetry 

Invariances of the metric are known as isometries. Continuous isometries 
are generated by so-called Killing vectors, satisfying 

D^i, + D,i^ = Q. (7.1) 

The maximal number of linearly independent Killing vectors is equal to 
\D[D + 1). A space that has the maximal number of isometries is called 
maximally symmetric. A weaker condition than (7.1) is, 

D^i, + D,i^ = ^g^,Dpe . (7.2) 

Solutions to this equation are called conformal Killing vectors. Note that the 
above equation is the traceless part of (7.1). The conformal Killing vectors 
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that are not isometries are thus characterized by a nonvanishing ^ = D^^^. 
For general dimcnsion D > 2 there are at most ^(D + 1)(D + 2) conformal 
Killing vectors. For D = 2 there can be infinitely many conformal Killing 
vectors. These result can be derived as follows. First one shows that 

Dfj,Dt,^p = R^p^" Co- - 9iJ.v Dp^ - gpii D^i - 9pv Dp.^ ■ (7.3) 

For Killing vectors (which satisfy ^ = 0) this result implies that the second 
derivatives of Killing vectors are determined by the vector and its first deriva- 
tives. When expanding about a certain point on the manifold, the Killing 
vector is thus fully determined by its value at that point and the values of 
its first derivatives (which are antisymmetric in view of (7.1)). Altogether 
there are thus ^D{D + 1) initial conditions to be fixed and they parametrize 
the numbcr of independent Killing vectors. For conformal Killing vectors, 
where ^ 7^ O one then proves that {D — 2)D^Dy^ and D^D^^ are determined 
in terms of lower derivatives. This suffices to derive the maximal number 
of conformal Killing vectors quoted above for Z) > 2. Both ordinary and 
conformal Killing vectors generate a group. 

In what follows we choose a Minkowski signature for the D-dimensional 
space, a restriction that is mainly relevant when considering supersymmetry. 
Flat Minkowski spacetime has the maximal number of conformal Killing 
vectors, which decompose as follows. 



Cp spacetime translations (P) 

e^^u x^ Lorentz transformations (M) 

Ad x^ scale transformations {D) 

{2x^x'^ — x^ r/'"^)AKi/ conformal boosts [K) 



(7.4) 



Here ^p, e^^^ = — e^'*, Ad and Aj^ are constant parameters. Obviously 
^ = I?(Ad +a;^Aj^). The above conformal Killing vectors generate the group 
SO(-D, 2). This is the same group as the anti-de Sitter group in D + 1 dimen- 
sions. The case oi D = 2 \s special because in that case the above transfor- 
mations generate a semisimple group, SO(2,2) = (SL(2,R) x SL(2,R))/Z2. 
This follows directly by writing out the infinitesimal transformations (7.4) 
for the linear combinations x it t, 

5{x ±t) = (eg ± C|>) + (Ad t e"*)(x ± O + ^(^k T A*k)(^ ± tf . (7.5) 

However, for D = 2 there are infinitely many conformal Killing vectors, 
corresponding to two copies of the Virasoro algebra. The corresponding 
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diffeomorphisms can be characterized in terms of two independent functions 
f± and take the form, 



Sx = f+ix + t) + f.{x-t), 6t = f+{x + t)- f^{x-t). (7.6) 

The fact that, for D >3 the anti-de Sitter and the conformal group coin- 
cide for dimensions D + 1 and D, respectively, can b e clarified by extending 
the D-dimensional spacetime parametrized by coordinates x'^ with an extra 
(noncompact) coordinate y, assuming the hne element, 

d.^ = gM.dxMdx- + dy^ 

so that the right-hand side of (7.2), which is responsible for the lack of 

invariancc of the hne element of the original D-dimensional space, can be 
cancelled by a scalc transformation of extra coordinate y. It is straightfor- 
ward to derive the nonvanishing Christoffel symbols for this extended space, 

where {jfv} remains the same for both spaces and all other components 
vanish. The corresponding expressions for the curvature components are 

Rp-yp^ — y 9pp ) 

Ryuy'' = y-X- (7.9) 

With these results one easily verifies that the curvature tensor of the (D+l)- 
dimensional extension of a flat D-dimensional Minkowski space is that of an 
anti-de Sitter spacetime with unit anti-de Sitter radius (i.e. g = 1 in (3.14)). 
This was the reason why we adopted a positive signature in the line element 
(7.7) for the coordinate y. 

Subsequently one can show that the D-dimensional conformal Killing 
vectors satisfying D^Dj/^ = O can be extended to Killing vectors of the 
{D + l)-dimensional space, 

2 

e{x, y) = e{x) - ^ d^ax) , e(x, y) = ^ ^(x) . (7.10) 

The condition DfiD^,^ = O holds for the conformal Killing vectors (7.4) . For 
D = 2 these vectors generate a finite subgroup of the infinite-dimensional 
conformal group, and only this group can be extended to isometries of the 
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(D+l)-dimensional space. Nevertheless, near the boundary [77] of the space 
(y ~ 0), the conformal Killing vectors generate asymptotic symmetries. 
Such a phenomenon was first analyzed in [96]. 

This setting is relevant for the adS/CFT correspondence and there exists 
an extensive hterature on this (see, e. g., [28, 97, 98, 99, 101, 100], and 
also the lectures prcscntcd at this school). Also the relation between the 
D'Alembertians of tlic cxtended and of the original D-dimensional spacetime 
is relevant in this context. Straightforward calculation yields, 

= y' + (y dyf -Dydy. (7.11) 

Near the boundary where y is small, the fields can be approximated by 

y^ (j){x). Wc may compare this to solutions of the Klein-Gordon equation in 
the anti-de Sitter space, for which we know that the D'Alembertian equals 
the quadratic Casimir operator C2. In terms of the ground state energy 
Eo of the anti-de Sitter representation, we have C2 = Eq{Eq — D) (observe 
that WC must rcplacc L' by I? + 1 in (6.25)), which shows that we have 
the idcntification /S. = Eq ox /S. = D — Eq. This identification is somewhat 
remarkable in view of the fact that Eq is the energy eigenvalue associated 
with the S0(2) generator of the anti-de Sitter algebra and not with the 
noncompact scale transformation of y, which associated with the S0(1, 1) 
eigenvalue. The identification of the generators is discussed in more detail 
in the next section. 

7.1 The superconformal algebra 

Prom the relation between the conformal and the anti-de Sitter algebra one 
can determine the superextcnsion of the conformal algebra gcncratcd by the 
above conformal Killing vectors. In comparison to the anti-dc Sitter algebra 
and superalgebra (c/. (6.4) and (6.5)) we make a different decomposition 
than the one that led to (6.18) and (6.22). We start from a D-dimensional 
spacetime of coordinates carrying indices a = 0,1,... ,Z? — 1, which we 
extend with two extra indcx values, so that A = —, 0, 1,. — 1,Z). For 
the bosonic generators which generate the group SO(L', 2) we have 

Md- D, 

Mab ^ Mab, 

Moa \{Pa-Ka), 

M_a ^{Pa + Ka), (7.12) 
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Here we distinguish the generator D of the dilatations, ^D{D—1) generators 
Mab of the Lorentz transformations, D generators Pa of the translations, and 
D generators K a of the conformal boosts. 

The algebra associated with SO{D, 2) was given in (6.4) and corresponds 
to the following commutation relations, 

[D,Pa] = -Pa, [D,Ka] = Ka, 

[Mab,Pc\ = -2r?e[an], [Mab, K^] = -2r]^[^K^, 

[Mab,Ma] = ^V[a[cMdlb], [Pa,Pb] = [K^, Kb] = O , ^' ' 

[D,Mab] = o, [Ka,Pb] = 2{Mab + VabD). 

To obtain the superextension (for D < 6) one must first extend the spinor 

representation associated with the Z?-dimensional spacetime to incorporate 
two extra gamma matriccs T d and r_. According to the discussion in 
section 2.5 (see, in particular, table 9) this requires a doubHng of the spinor 
charges, 

Q^Q=(q"), Q^Q = {Qa,Sa), (7.14) 

and we define an extended set of gamma matrices by, 

The new charges Sa generate so-called special supcrsymmctry transforma- 
tions [27]. The decomposition of the conjugate spinor is somewhat subtle, to 
make contact with the Majorana condition employed for the anti-de Sitter 
algebra. 

The anticommutation relation for the spinor charges follows from (6.5) 
and can be written as 



{Q,Q} 



{S,Q} {S,S}\ 
{Q,Q} {Q,S}J 



(7.16) 



-r"P„ -^TabMab + D, 

or, 

{Qa,Ql3} = -^a/sPa, 

{SajSp} = —V^pKa, 

{Qa,Sp} = -\T%Mab + rialiD. (7.17) 
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The nonvanishing commutators of the spinor charges with the bosonic gen- 
erator s read, 

[Mab,Qa] = ^{Q^ab)a, [Mab,Qa] = l{Q^ab)a , 

[D,Qa] = -lQa, [D,S^] = (7.18) 

[KajQa] — ~{S^a)ai [Pai S a] = ~{Q^a)a- 

Here we are assuming the same gamma matrix conventions as in the be- 
ginning of chapter 3. From the results quoted in the previous chapter, we 
know that, up to D = 6, the bosonic subalgebra will be the sum of the 
conformal algebra and the R-symmetry algebra. The R-symmetry can be 
identified from table 9 and the corresponding generators wih appear on the 
righ-hand side of the {Q, S} anticommutator; the other (anti)commutation 
relations hsted above remain unchanged. In addition, commutators with 
the R-symmetry generators must be specificd, but thosc foUow from the R- 
symmctry assignments of the supcrchargcs. The abovc (anti)commutators 
satisfy the Jacobi identities that are at most quadratic in the fermionic gen- 
erators. The vahdity of the remaining Jacobi identities, which are cubic in 
the fermionic generators, requires in general the presence of the R-symmetry 
charges. The results given so far sufficc to discuss the most salicnt fcatures 
of the super conformal algebra and henceforth we will be ignoring the con- 
tributions of the R-symmetry generators. Note also that the numbers of 
bosonic and fermion generators do not match; this mismatch will in general 
remain when including the R-symmetry generators. 

As beforc, the matrix on the right-hand side of (7.16) may have zero 
eigenvalues, leading to shortened supermultiplets. Those multiplets are in 
one-to-one correspondence with the anti-de Sitter supermultiplets. Its eigen- 
values are subjcct to certain positivity requirements in order that the algebra 
is realized in a positive-definite Hilbert space. 

The abstract algebra can be connected to the spacetime transformations 
(7.4) in fiat spacetime introduced at the beginning of this chapter. To see 
this we derive how the conformal transformations act on generic fields. In 
principle, this is an application of the theory of homogeneous spaces dis- 
cussed in chapter 4 and we will demonstrate this for the bosonic transfor- 
mations [102]; a supersymmetric extension can be given in superspace. Let 
us assume that the action of these spacetime transformations denoted by g 
takes the following form on a generic multicomponent field 0, 

cl>{x)-^cPg{x) = S{g, x) <t>{g-^x) , (7.19) 

where S is some matrix acting on the components of (j). Observe that there 
exists a subgroup of the conformal group that leaves a point in spacetime 
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invariant and choose, by a suitable translation, this point equal to x" = 0. 
Prom (7.4) it then follows that the corresponding stability group of this point 
is generated by the generators M of the Lorentz group, the generator D of 
the scale transformations and the generators K of the conformal boosts. 
Hence we conclude that the matrices 8(^,0) must form a representation of 
this subgroup, whose generators are denoted by the matrices Mab, D and 
Ka- Generic fields are thus assigned to representations of this subgroup. 

On the other hand, we want the translation operators to act exclusively 
on the coordinates so that according to (7.19) (the generators are anti- 
hermitean) , 

Hence we may write (j){x) = exp(— x"Pa) 0(0). Subsequently we define the 
infinitesimal variation (j)g{x) ^ (j){x) + S(l){x), where 5(j){x) is generated by 

6(P{x) = [^l>Pa + |e"^M„b + A^iD + A'^Ka] cl){x) . (7.21) 

This variation can be convertcd to the basis defined by the fields at the 
origin, by sandwiching betwccn cxp{x"' Pa) and cxp(— .t"P,j). The result is 
then related to the infinitesimal variation of S{g, 0) ~ 1 + ^e"''^Mab + A^D + 
and terms proportional to Pa- Using the commutation relations (7.13) 
and using (7.19) and (7.20), it follows that 

S(P{x) = - [eg - e'^^i^b + Ad 2;" - 2a;" X6A|^ + x2 A|l aa0(x) (7.22) 



+ 



(ie»'' - 2A1^x''1)m„6 + (Ad - 2A'^Xa)D + A^i:„](^(x) , 



where the first term represents the conformal Killing vectors parametrized 
in (7.4). Note that the combination of sign factors is dictated by the algebra 
(7.13). 

The procedure applied above is just a simple example of the construc- 
tion of induced representations on a G/H coset manifold. Indeed, we are 
describing flat space as a coset manifold, where the conformal group plays 
the role of the isometry group G and the stability group plays the rolc of the 
isotropy group H. The coset representative equals exp(— x"Pa), from which 
it follows (c/. (4.16)) that the vielbein is constant and diagonal and the con- 
nections associated with the stability group are zero. Hence the metric is 
invariant under the conformal transformations, as established earlier, while 
the vielbein is invariant after including the compensating transformations 
represented by the second line of (7.22). Explicit evaluation then shows that 



126 



the invariance of the fiat vielbein requires the compensating tangent-space 
tr ansformations , 

5e/oce«''e^,5-ADe/, (7.23) 

with parameters specified by (7.22). Note that the special conformal boosts 
do not act on the tangent space index of the vielbein. 

In the next two sections we will discuss how one can deviate from fiat 
space in the context of the conformal group. There are two approaches here 
which Icad to related results. One is to start from a gauge theory of the 
conformal group. This conformal group has a priori nothing to do with 
spacetime transformations and the resulting theory is described in some un- 
specified spacetime. Then one imposes constraints on certain curvatures. 
This is similar to what we described in scction 3, where we imposed a con- 
straint on the torsion tensor (c/. (3.6)), so that the spin connection becomes 
a dependent field and the Riemann tensor becomes proportional to the cur- 
vature of the spin connection field. This approach amounts to imposing the 
maximal numbcr of convcntional constraints. The second approach starts 
from the coupling to super conformal matter and the corresponding super- 
conformal currents. 

7.2 Superconformal gauge theory and supergravity 

In principle it is straightforward to set up a gauge theory associated with 
the superconformal algebra. We start by associating a gauge field to every 
generator, 

generators: P M D K Q S 

gauge fields: e« ujf V/. 0/. (7-24) 

parameters: e"^ Ad Ag^ e r] 

Up to normalization factors, the transformation rules for the gauge fields, 
which we specify below, foUow directly from the structure constants of the 
superconformal algebra, 

Suf = p^e«& + A^e^^i-el?//'-3e-r«VM + iViMr"S> 
sf; = p^A| + ADe; + if?r>^, 

% = P^r?+iAD<^^-i/;^r„e + iA|r„VM- (7-25) 
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Here we use derivatives that are covariantized with respect to dilatations 
and Lorentz transformations, i. e., 

-D^V = (9^-i6^-i<r,fe)7y. (7.26) 

Again we suppressed the gauge fields for the R-symmetry generators. 

The above transformation rules close under commutation, up to the com- 
mutators of two supersymmetry transformations acting on the fcrmionic 
gauge fields. In that case, one needs Ficrz rcordcrings to estabUsh the clo- 
sure of the algebra, which depend sensitively on the dimension and on the 
presence of additional generators (for D = 4, see, for example, [27]). As 
an example we hst some of the commutation relations that can be obtained 
from (7.25), 

{<5Q(ei),<5Q(e2)} = <5p(^e2r«ei) , 

{Ss{vi),Ss{m)} = <5K(^^2rV), 

{SQ{e),Ss{v)} = 6M{leT-%) + S-D{-ler}), 
[,5Q(e),<5K(AK)] = <5s(iA|r„e), 

Mv),Sp{Ap)] = <5Q(iCgr„r?). (7.27) 

For completeness we also present the corresponding curvature tensors of 
the superconformal gauge theory, 





= 2P[^e^] 






= 2 5[^<f 


-2u;f;c.,]/-2/[;etl+iV;[,r'^V.] 


Rf^uiD) 


= 2P[^6,]- 




RIAK) 


= 2 




Riiv{Q) 






Rnu{S) 


= 2 





These curvature tensors transform covariantly and their transformation rules 
follow from the structure constants of the superconformal algebra. They 
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also satisfy a number of Bianchi identities which are straightforward to write 
down. As an example and for future reference we list the first three identities, 

= O- (7-29) 

At this stage, the superconformal algebra is not related to symmetries of 
spacetime. Of course, the gauge fields independently transform as vectors 
under general coordinate transformations but these transformations have no 
intrinsic relation with the gauge transformations. This is the reason why, at 
this stage, there is no need for the bosonic and fermionic degrees of freedom 
to match, as one would expect for a conventional supersymmetric thcory. 

There is a procedure to introducing a nontrivial entanghng between the 
spacetime diffeomorphisms and the (internal) symmetries associated with 
the superconformal gauge algebra, based on curvature constraints. Here one 
regards the P gauge field e^" as a nonsingular vielbein field, whose inverse 
will be denoted by ej^. This interpretation is in line with the interpretation 
presented in the previous section, where flat space was viewed as a coset 
space. In that case, the curvature R{P) has the interpretation of a torsion 
tensor, and one can impose a constraint R{P) = O, so that the M gauge field 

becomes a dependent field, just as in (3.6). The effect of this constraint 
is also that the P gauge transformations are effectively replaced by general- 
coordinate transformations. To see this, let us rewrite a P-transformation 
on e^, making use of the fact that there exists an inverse vielbein e^, 

Se^ = ^/.Cp = di^e < - r + CR^P) , (7.30) 

where = ej^. Hence, when imposing the torsion constraint R(P) = O, 
a P-transformation takes the form of a (covariant) general coordinate trans- 
formation. This is completely in line with the field transformations (7.22), 
where the P-transformations were also exclusively represented by coordinate 
changes, except that we are now dealing with arbitrary diffeomorphisms. 

A constraint such as R{P) = O is called a conventional constraint, be- 
causc it algebraically expresscs somc of the gauge fields in terms of the 
others. Of course, by doing so, the transformation rules of the dependent 
fields are determined and they may acquire extra terms beyond the original 
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ones presented in (7.25). Because R{P) = O is consistent with spacetime 
difFeomorphisms, and the bosonic conformal transformations, the field the 
field LJ^'-' will still transform under these symmetries according to (7.25). 
This is also the case for S'-supersymmetry, but not for Q-supersymmetry, 
because the constraint R{P) = O is inconsistent with (5-supersymmetry. In- 
deed, under Q-supersymmetry, the field uOff^ acquires an extra term beyond 
what was presented in (7.25), which is proportional to R{Q). We will not 
elaborate on the systematics of this procedure but concentrate on a number 
of noteworthy features. One of them is that there are potentially more con- 
ventional constraints. Inspection of (7.28) shows that constraints on R{M), 
R{D) and R{Q) can be conventional and niay lead to additional dependent 
gauge fields /^^ and 0^ associated with special conformal boosts and special 
super symmetry transformations. A maximal set of conventional constraints 
that achieves just that, takes the form 

KAP) = o, 

V''R^u{Q) = O, (7.31) 

where, for reasons of covariance, one should include possible modifications 
of the curvatures due to the changes in the transformation laws of the de- 
pendent fields. Other than that, the prccisc form of the constraints is not so 
important, because constraints that diffcr by tlic addition of othcr covariant 
terms result in the addition of covariant terms to the dependent gauge fields, 
which can easily be eliminated by a field redefinition. Note that R^y{D) is 
not independent as a result of the first Bianchi identity on i?^^ (P) given in 
(7.29) and should not bc constraincd. 

At this point we are left with the vielbein field e^", the gauge field as- 
sociated with the scale transformations, and the gravitino field -0// associated 
with (5-supersymmetry. AU other gauge fields have become dependent. The 
gauge transformations remain with the exception of the P transformations; 
we have diffeomorphisms, local Lorentz transformations (M), local scale 
transformations (D), local conformal boosts {K), (J-supcrsymmetry and S- 
supersymmetry. Note that is the only field that transforms nontrivially on 
special conformal boosts and thercforc acts as a compensator which induces 
all the K-transformations for the dependent fields. Because the constraints 
are consistent with all the bosonic transformations, those will not change 
and will still describe a closed algebra. The superalgebra will, however, not 
close, as one can verify by comparing the numbers of bosonic and fermionic 
degrees of freedom. In order to have a consistent super conformal theory 
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one must add additional fields (for a review, see [103]). A practical way to 
do this makes use of the superconformal multiplet of currcnts [22], which 
we will discuss in the next section. This construction is hmitcd to theories 
with Q = 16 supercharges and leads to consistent conformal supergravity 
theories [104, 105, 22]. 

We close this section with a comment regarding the number of degrees 
of freedom described by the above gauge fields. The independent bosonic 
fields, Cju" and b^, comprise + D degrees of freedom, which are subject to 
the — |D — 1 independent, bosonic, gauge invariances of the conformal 
group. This leaves us with \D{D — 1) — 1 degrees of freedom, correspond- 
ing to the independent components of a symmetric, traceless, rank-2 tensor 
in Z) — 1 dimensions, which constitutes an irreducible representation of the 
Poincare algebra. This representation is the minimal representation that 
is requircd for an off-shcll description of gravitons in D spacetime dimen- 
sions. A similar off-shell counting argument applies to the fermions, which 
comprise {D — 2)s degrees of freedom after subtracting the gauge degrees 
of freedom associated with Q- and S'-supersymmetry. Here ng denotes the 
spinor dimcnsion. Hcncc, the conformal framcwork is set up to rcducc the 
ficld representation to the smallest possible one that dcscribes the leading 
spin without putting the fields on shell. The fact that the fields can exist 
off the mass shell, implies that they must constitute massive representations 
of the Lorentz group. Similarly, the supermultiplet of fields on which con- 
formal supergravity is based, comprise the smallest massive supermultiplet 
whose highest spin coincides with the graviton spin. 

7.3 Matter fields and currents 

In the previous section we described how to set up a consistent gauge theory 
for conformal supergravity. This theory has an obvious rigid limit, whcrc all 
the gauge fields are equal to zero, with the exception of the vielbcin which 
is equal to the fiat vielbein, e^" = 5^. This is the background we considered 
in section 7.1. In this background we may have (matter) theories that are 
superconformally invariant under rigid transformations, described by (7.22). 
Suppose that we couple such a rigidly superconformal matter theory in first 
order to the gauge fields of conformal supergravity. Hence we write, 

^ — -^matter 

+h; 0a^ + i< S^, + h^T^ + t// + i^^J^ + , (7.32) 

where denotes the deviation of the vielbein from its flat space value, 
i. e., e^" ~ + hf^. The first term denotes the matter Lagrangian in flat 
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space. The current Oa'^ is the energy-momentum tensor. In linearized ap- 
proximation the above Lagrangian is invariant under local superconformal 
transformations. To examine the consequences of this we need the lead- 
ing (inhomogeneous) terms in the transformations of the gauge fields (c/. 
(7.25)), 

translations: 6h^ = 9^^p , 

Lorentz: Stof = 5^e'*\ 6h^ = e'^'^S^h, 

dilatations: Sbn = duAj), Sh,"" = — 5^5Ad, 

. \a b] 1 (7-33) 

conformal boosts: Sf^ = d^A^ , 5u;'^° = Aj^ 6^ , 56^ = ^A^^ , 

(5-supersymmetry: Si/j^ = d^e , 

S-supersymmetry: S(f)^ = d^rj , Stp/^ = -^r^?7, 

The variations of the action corresponding to (7.32) under the super- 
conformal transformations, ignoring variations that are proportional to the 
superconformal gauge fields and assuming that the matter fields satisfy their 
equations of motion, must vanish. One can verify that this leads to a number 
of conservation equations for the currents, 

d^S^,-2e[ab] = 0, a^jM = o, (7.34) 

+ = o, d^J^ + ^T^Ji^ = o, 

where we used the flat vielbein to convert world into tangent space indiccs 
and vice versa; for instance, we employed the notation O^b = da'^ ^tib and 
0^^^ = Oa'^e/f'. Obviously, not all currents are conserved, but we can de- 
fine a set of conserved currents by allowing an explicit dependence on the 
coordinates, 

SA'' = o> 

d,{s^b-^%^^b]) = O, 

a^(r'^ + 0/x") = o, 
d^j^' = o, 

d^[j^ + ^r^J^'x'') = 0. (7.35) 

In this result one recognizes the various components in (7.22) and in (7.4). 
For S-supersymmetry one can understand the expression for the current 
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by noting that the following combination of a constant S transformation 
with a spacctime dependent Q-transformation with e = ^x'^Tf^ri leaves the 
gravitino field ip^ invariant. Observe that the terms involving the energy- 
momentum tensor take the form where are the conformal Kihing 

vectors defined in (7.4). 

So far we have assumed that the gauge fields in (7.32) are independent. 
However, we have argued in the previous section that it is possible to choose 
the gauge fields associated with the generators M, K and 5, to depend on 
the other fields. At the linearized level, the fields w^"'', f /f' and can then 
be written as linear combinations of curls of the independent gauge fields. 
After a partial integration, the currents 9a^, and J'^ are modified by 
improvement terms: terms of the form di, A\'^^\ which can be included into 
the currents without affecting their divergence. Hence, the currents 5*^;,, Ua^ 
and Jg no longer appcar cxplicitly but arc absorbcd in the remaining cur- 
rents as improvement terms. We don't have to work out their cxplicit form, 
because we can simply repeat the analysis leading to (7.34), suppressing 
•^ob' ^a-^ "^S • obtain the following conditions for the improved 

currents, 

jimp ^ J^-P = O . (7.36) 

Observe that these equations rcduce the currents to irreducible representa- 
tions of the Poincare group, in accord with the earlier counting arguments 
given for the gauge fields. 

To illustrate the construction of the currents, let us consider a nonlinear 
sigma model in flat spacetime with Lagrangian, 

jC=yABdf,4>^di'4>^ . (7.37) 

Its energy-momentum operator can be derived by Standard methods and is 
equal to 

V = bAB {d^ct>^ d,ct>^ - ^r?^, dpct^^dy^) . (7.38) 

It is conserved by virtue of the field equations; moreover it is symmetric, but 
not traceless. It is, however, possible to introduce an improvement term, 

^T- = 5^?AB(9;.(/)^9,0^-ir/^,9p0^9''(/)^) 

+ 4^~L) i"^^" " ^"^0 ^^'^^ ■ ^^-^^^ 
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When x{4') satisfies 

DAdBX{4>) = 9AB , (7.40) 

the improved energy-momentum tensor is conserved, symmetric and trace- 

less (again, upon using the field equations). This implies that, XA = dAX is 
a homothetic veotor.^*^ From this result it follows that locahy in the target 
space, X can be written as 

X = i/^XAXB, (7.41) 

up to an integration constant. Spaces that have such a homothety are cones. 
To see this, we decompose the target-spacc coordinates (j)"^ into (f) and re- 
maining coordinates (^", where (j) is defined by 

It then follows that x((^, 99) = exp[2(/)] ^('/5), where x is an undetcrmined 
function of the coordinates 99". In terms of these new coordinates we have 
X^ = (1,0, • • • ,0) and gAcf, = XA = (2x,5a</.)- From this result one proves 
directly that the metric takes the form, 

{<^sf = ^ + xhM dy^M/ , (7.43) 

where the ^-independence of hab can be deduced directly from (7.40). This 
result shows that the target space is a cone over a base manifold A^b 
parametrized in terms of the coordinates (p'* with metric hab [106]. In the su- 
persymmetic context it is important to notc that, when the cone is a Kahler 
or hyperkahler space, it must be invariant under U(l) or SU(2). These fea- 
tures play an important role when extending to the supersymmetric case. 
In that case U(l) or SU (2) must be associated with the R-symmetry of the 
superconformal algcbra. 

Coupling the improved energy-momentum tensor (7.39) to gravity must 
lead to a conformally invariant theory of the nonlinear sigma model and 
gravity. The relevant Lagrangian reads, 

C = \gAB d^ct,^ dy'' - X{4>) R ■ (7.44) 



homothetic vector satisfies DaXb + DaXb = "igAB Hcrc we are dealing with an 
exact homothety, for which Daxb ~ Dbxa, and which can be solved by a potential x- 
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Indeed, this Lagrangian is invariant under local scale transformations char- 
acterized by the functions Ad(x), 

S^(f)^ = wAbX^ , ^TiOiiv = -2Ad g„v ■ (7.45) 

whcrc w is thc Wcyl wcight of the scalar ficlds which is cqual to w = — 2). 
The transformation of g^^u is in aeeord with the vielbein scale transformation 
written down in section 7.2. We should also point out that the couphng 
with the Ricci scalar can be understood in the context of the results of 
the previous section. Using the gauge fields of the conformal group, the 
Lagrangian rcads, 

C = \gAB g'''{d,,<j>^ -wbi, (5.<^^ -wK - // x ■ (7.46) 

As one can easily verify from the transformation rules (7.25), this Lagrangian 

is invariant under local dilatations, conformal boosts and spacetime diffeo- 
morphisms. Upon using thc second constraint (7.31) for the gauge field 
associated with the conformal boosts and setting 6^ = O as a gauge condition 
for the conformal boosts, the Lagrangian becomes equal to (7.44), which is 
still invariant under local dilatations. This examplc thus dcmonstratcs thc 
relation bctween improvement terms in the currents and constraints on the 
gauge fields. 

It is possible to also employ a gauge condition for the dilatations. An 
obvious one amounts to putting % equal to a constant X0j with the dimension 
of [mass]^~^, 

X = Xo- (7.47) 
Substituting the metric (7.43) the Lagrangian thcn acquires the form, 

C oc ^hab d^^" d^'ip^ - ^D~-l) ^ ■ ^^"^^^ 

This Lagrangian describes a nonlinear sigma model with the base manifold 
A^B of the cone as a target space, coupled to (nonconformal) gravity. The 
constant xo appears as an overall constant and is inversely proportional to 
Newton's constant in D spacetime dimensions. Observe that in order to 
obtain positive kinetic terms, the metric hab should be negative definite and 
Xo must be positive. 

The above example forms an important ingredient in the so-called super- 
conformal multiplet calculus that has been used extensively in the construc- 
tion of nonmaximal supergravity couplings. There is an cxtensivc literature 
on this. For an introduction to the 4-dimensional = 1 multiplet calculus. 
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see, e.g., [81], for 4-dimensional N = 2 vector multiplets and hypermulti- 
plets, we refer to [67, 107]. 
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